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Abstract

Throughout this report, unless mentioned otherwise, all rings are assumed to be commutative. The term
noethering is a portmanteau that is used in place of “noetherian ring” and is attributed to the accidental
genius of Aryaman Maithani.

The main reference for this report is [ ]. The section on projective modules and modules over a
PID has been taken from [ ]. Some additional results about Dedekind domains have been taken from
[ ]. The chapter on Completions has mainly been taken from [ ]. The section on Dimension

Theory of Polynomial Algebras has been taken from [ 1.


https://www.youtube.com/live/RrjJfyEF7Ak?feature=share&t=102
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Chapter 1

Rings and Ideals

Definition 1.1 (Krull Dimension). A sequence {py,...,p,} of prime ideals in A is said to be strictly
ascending of length n if pg C - - - C py,. The Krull dimension of A is defined to be the supremum of the
lengths of all strictly ascending sequences of prime ideals in A and is denoted by dim A.

Proposition 1.2. Let A and B be rings. Then, every prime ideal in A x B is of the form p x B where p C A is
a prime ideal or A X q where q C B is a prime ideal.

Proof. It is known that ideals in A x B are of the form a X b where a and b are ideals in A and B respectively.

Consequently, the quotient
AXB/axb=A/axB/b

For a x b we require A/a X B/b to be an integral domain. This is possible if and only if either a is a prime
and b = Bor a = A and b is a prime. This completes the proof. n

Theorem 1.3 (Chinese Remainder Theorem). Let {a;}" ; be comaximal ideals in A. Then,

@ (Nai=]]w
i=1 i=1

® A/ e =]]A/a;
i=1 i=1

1.1 Nilradical and Jacobson radical

Definition 1.4 (Multiplicatively Closed). A subset S C A is said to be multiplicatively closed if
(@) 1€8S
(b) forallx,y € S,xy € S



Proposition 1.5. Let S C A\{0} be a multiplicatively closed subset. Then, there is a prime ideal p disjoint from
S

1.2 Local Rings

Definition 1.6. A commutative ring A is said to be local if it has a unique maximal ideal.

Proposition 1.7. A is local if and only if the subset of non-units form an ideal.

Obviously, a field k is a local ring. On the other hand, the polynomial ring k[x] is not local, since both x
and 1 — x are non-units but their sum is a unit.

We contend that the ring A = k[x1,x2,...]/(x1, %2, .. .)? is local. Indeed, let 7t denote the canonical
map k[x1,x,...] — A and m be maximal in A. Then, 717!(m) is maximal in k[x1,xy,...] and contains
(x1,x2,...)?, therefore, contains (x1,xy,...). But the latter is maximal and therefore, 7~ (m) = (x1,x2,...)
whence the maximal ideal is unique. Thus A is local.

1.3 Operations on Ideals

Obviously, the intersection a N b of two ideals is an ideal. The sum of ideals is defined as the following

collection
a; € a; }

It is not hard to argue that the sum is the smallest ideal containing the ideals {a;};c;. The product of two
ideals is defined as
ai €a, b € b}

Inductively, we may define powers of an ideal as a” = aa”~! with the convention that a = (1) = A.

Zai:{ X 4

iel finite i€l

ab = { Z l/'ll'bl'

finite

Proposition 1.8. Let a,b, ¢ C A be ideals. Then,

a(b+c¢)=ab+ac

Proof. Obviously, ab C a(b + ¢) and ac C a(b + ¢) and thus, ab + ac C a(b + ¢). On the other hand, any
element of a(b + ¢) is a finite sum of the form Y_; a;(b; + ¢;) which can be rearranged as Y_; a;b; + Y ; a;c; €
ab + ac. This completes the proof. u

Proposition 1.9. (a) Let py,...,p, be prime ideals and let a be an ideal contained in \Ji_, p;. Then a C p;
forsomel <i < n.

(b) Let ay,...,a, beideals and let p be a prime ideal containing (\;'_, a;. Then a; C p for some i.

For ideals a,b C A, define their ideal quotient as

(a:b)={x€A|xbCa}



Proposition 1.10. Let a,b, ¢ C A be ideals. Then
1. (a:b6)bCa
2. ((a:b):¢)=(a:bc)
3. (Mierai : ) = Nier(a; : b)

Proposition 1.11. If every prime ideal in A is principal, then A is a principal ring.

Proof. Suppose not. Let ¥ be the poset of ideals in A that are not principal, ordered by inclusion and {a; };¢;
be a chain in X. Let a = ;¢ a;. We claim that a is not principal, for if it were, then a = (a) for some a € A.
Then, a € a; for some i € I whence a; = (a), a contradiction. Hence, every chain in X has an upper bound,
therefore, X has a maximal element, say p.

We contend that p is a prime ideal. Suppose not, then there are a,b € p such thatab € p. Add inlater W

Proposition 1.12. Let A be a UFD. Then A is a PID if and only if dim A < 1.

1.3.1 Radical Ideals

Definition 1.13 (Radical Ideal). For an ideal a C A, we define its radical as
Va={x e A|x" € aforsomen € N}

An ideal which is the radical of some ideal is called a radical ideal.

Obviously, a C v/a. From our definition, it is not hard to see that the radical is the smallest radical ideal
that contains a certain ideal. As a result, if a C b are ideals, then y/a C V0.

Proposition 1.14. Let a,b C A be ideals. Then,

(i) VVa=+/a
(ii) vab =+vaNb =+/anvb
(iii) /o = \/a for everyn € N

(iv) Va+b=1/va+vb

Proof. (i) Trivial.
(ii) Since ab C aN b, we must have v ab C v/aNb. On the other hand, if x € vaN b, there is a positive
integer 1 such that x" € aN b, therefore, x?" € ab, and x € v/ab. This establishes the first equality.

As for the second inequality, if x € v/ aNb, then there is a positive integer n such that x" € anb,

therefore, x € y/aand x € V5. Conversely, if x € y/aN Vb, then there are positive integers m and n
such that ™ € a and x" € b, consequently, X" ¢ aN b, and the conclusion follows.

(ili) Immediate from (ii).



(iv) Obviously, vVa+b C 1/ya+ v/b. On the other hand, note that v/a + b is a radical ideal containing

v/aand /b, therefore, contains y/a + v/b. Hence, v/a+ b O 1/+/a + /b and the conclusion follows.
|

Corollary 1.15. Ideals a and b are comaximal if and only if /a and /b are comaximal.

For a prime ideal p, note that \/p = p and due to (iii), /p" = p for every positive integer .

Proposition 1.16. Let a C A be an ideal with maximal radical. Then A/ a is a local ring of dimension 0.

Proof. Let m be a maximal ideal in A/a. Since m is prime, its preimage in A is a prime ideal m containing
a, thus, it must contain /a, which is maximal, whence m = /a. Consequently m = /a/a and is uniquely
determined.

On the other hand, if p is a prime ideal in A/a, using a similar argument as above, one may conclude
that p is maximal and thus dim(A/a) = 0. [ ]

1.4 Extension and Contraction of Ideals

Definition 1.17. Let ¢ : A — B be a ring homomorphism. If a C A is an ideal, then we define its
extension a® = ¢(a)A. If b C B is an ideal, then we define its contraction b¢ = ¢~1(b).

Proposition 1.18. (a) a C a*“ and b D b
(b) b€ = b and a® = a®*

(c) If C is the set of contracted ideals in A and E is the set of extended ideals in B, then a — a° is a bijection
from C to E.

Proof.  (a) Trivial

(b) We have a C (a)¢ and a® D (a®). Similarly, b D (b°)% and b¢ C (b°)° whence b° = b®.

(c) Simply note that the maps a — a° and b — b° from C to E and E to C are inverses to one another.
[ ]

1.5 The Zariski Topology

Definition 1.19 (Prime Spectrum). For a commutative ring A, define
Spec A = {p | pis a prime ideal in A}
This is called the prime spectrum of the ring. Similarly, define

MaxSpec A = {m | m is a maximal ideal in A}

For each E C A, define
V(E) ={p € SpecA | E C p}



Proposition 1.20.  (a) If a is the ideal generated by E, then V(E) = V(a) = V(1/a)
(b) V(0)=Xand V(1) = &
(c) If {E;}icg is a family of subsets of A, then

14 (U Ei) = V(E)

iel iel

It is not hard to see that the collection
T = {Spec A\V(E) | EC A}

is a topology on Spec A. This is known as the Zariski Topology. In particular, V(E) form closed subsets in
Spec A under the Zariski topology.

Proposition 1.21. For each f € A, let D(f) = Spec A\V(f). Then, the collection {D(f)} sc forms a basis
for the Zariski topology on Spec A.

Proposition 1.22. Let f : A — B be a ring homomorphism. Then, the map f, : Spec B — Spec A given by
fe(q) = f~Y(p) is a continuous map. Further, if ¢ : B — C is a ring homomorphism, then (g o f)« = fx 0 gs.

Proof. Leta C A be an ideal. We shall show that f;!(V(a)) is closed in B. Note that

£ Va@) = {p | a C £(p)}
— {peSpecB|ac fl(p))
— Vi((f(a)))

whence the conclusion follows.
Next, for any p € Spec C, we have

(feog)(p) = fuls™ (1) = fT1 (87 (1) = (82 ) 7' (»)
This completes the proof. ]

This shows that Spec is a contravariant functor from CRing to Top.

1.5.1 On the Topological Properties

Proposition 1.23. Spec A is Hausdorff if and only if dim A = 0.

Proof. (=) We shall show that if Spec A is T}, then dim A = 0. Indeed, if Spec A is Ty, then {p} is a closed
set for very prime ideal p, therefore, there is an ideal I C A such that V(I) = {p}. Asaresult, V(p) = {p}
and p is maximal.

(<=) Suppose dim A = 0. Let p and q be distinct ideals. We contend that there are f ¢ p and g ¢ q such
that fg is contained in every prime ideal in A, equivalently, fg is contained in 91(A). Suppose not, that is,
for every pair f ¢ p and g ¢ q, there is a prime ideal p disjoint from {f, g}.

Let X = A\(pNq). Let X be the collection of ideals a contained in p N q such that for every finite subset
F C X, there is a prime ideal B containing a that is disjoint from F. It is not hard to see that (0) € £ and
that every ascending chain has an upper bound given by the union of all elements in the chain.



Let | be a maximal element in ¥ whose existence is guaranteed due to Zorn’s Lemma. We shall show
that J is prime. Indeed, let xy € J withy ¢ J. Then, ] + (y) ¢ ¥, therefore, there is a finite subset Fy C X
such that for each prime ideal B containing | + (y), BN F # @.

Now, let F C X be finite, then so is F U Fy, therefore, there is a prime ideal I containing | such that
IN(FUF) = @, which implies that y ¢ I, lest ] + (y) C I. Butsince xy € J C I, we must have that
x € I. This shows that ] + (x) C I, therefore, (] 4+ (x)) N F = @ whence | + (x) € £ and x € ] due to the
maximality. This shows that | is prime.

Finally, we see that if there is a prime ideal | contained in p N g, contradicting dim A = 0. Thus, there
is f ¢ pand g ¢ q such that fg is contained in 91(A). Consider the basic open sets D(f) and D(g),
which contain p and g respectively and their intersection D(f) N D(g) = D(fg) is the empty set since fg is
contained in ever prime ideal, thus, Spec A is Hausdorff. [ |

Corollary 1.24. If Spec A is Ty, then Spec A is Hasudorff.

1.6 Polynomial Rings

Add those
exercises
from AM



Chapter 2

Modules

2.1 Introduction

Throughout this section, R denotes a general ring which need not be commutative.

Definition 2.1 (Module). A left R-module is an abelian group (M, +) along with a ring action, that is,
a ring homomorphism y : R — End(M). Similarly, a right R-module is an abelian group (M, +) along
with a ring homomorphism y : R°P — End (M) where R°P is the opposite ring.

Henceforth, unless specified otherwise, an R-module refers to a left R-module. Trivially note that R is an
R-module, so is any ideal in R and so is every quotient ring R/I where I is an ideal in R. When R is a field,
an R-module is the same as a vector space.

Every abelian group G trivially forms a Z-module. Using this and the forthcoming Structure Theorem for
Finitely Generated Modules over a PID, we obtain the Structure Theorem for Finitely Generated Abelian Groups.

There is also the notion of a bimodule:

Definition 2.2. For

Definition 2.3 (Submodule). Let M be an R-module. An R-submodule of M is a subgroup N of M
which is closed under the action of R.

Proposition 2.4 (Submodule Criteria). Let M be an R-module. Then @ C N C M is a submodule if and
only if forall x,y € Nandr € R, x +ry € N.

Proof. Straightforward definition pushing. |

Definition 2.5 (Module Homomorphism). Let M, N be R-modules. A module homomorphism is a group
homomorphism ¢ : M — N such that for all x € Mand r € R, ¢(rx) = r¢(x).

In other words, a module homomorphism is simply an R-linear map.

Proposition 2.6 (Homomorphism Criteria). Let M, N be R-modules. Then ¢ : M — N is an R-module



homomorphism if and only if for all x,y € Mandr € R, ¢(x +ry) = ¢(x) +r¢p(y).

Proof. Straightforward definition pushing. n

It is not hard to see, using the above proposition and the submodule criteria that the image of an R-
module under a homomorphism is a submodule.
Definition 2.7 (Kernel, Cokernel). Let ¢ : M — N be an R-module homomorphism. We define

ker¢ = {x € M| ¢(x) =0} cokerp = N/¢p(M)

For an R-module M, define the annihilator of M in R as
Anng(M) ={reR|rx=0Vx € M}
It is trivial to check that Anng(M) is a left ideal in R, and if R were commutative, it would be an ideal.

When Ann 4 (M) = 0, M is said to be a faithful A-module.

Proposition 2.8. If I is an ideal contained in Ann (M), then M is naturally an A/ I-module.

Proof. Define the action (a + I) - m = a - m. It is easy to check that this action is well defined. Further,
(@a+1)-((b+1)-m)=(a+1I)-(bm)=(ab)-m= ((a+1)(b+1))-m

This completes the proof. n

Proposition 2.9. N is an A-submodule of M if and only if it is an A/ Ann4 (M) submodule of M.

Proof. Straightforward. |

In particular, if I = m for some maximal ideal m, then M forms a vector space over A/m.

2.2 Free Modules

Throughout this section, R denotes a general ring which need not be commutative.
We define the free module using a universal property and then provide a construction for it. This should
establish uniqueness.

Definition 2.10 (Universal Property of Free Modules). Let S be a non-empty set. A free module on S is
an R-module F together with a mapping f : S — F such that for every R-module M and every set map
g : S — M, there is a unique R-module homomorphism / : F — M such that the following diagram

commutes:

4g>M

S
."“1
fl am
2

10



Let F be the set of all set functions ¢ : S — R which takes nonzero values at finitely many elements of S.
This has the structure of an R-module. Define the set map f : S — F by

1 s=t
0 otherwise

fls)(t) = {

We contend that (F, f) is a free module on S. Indeed, let g : S — M be a set map where M is an
R-module. Define the linear map / : F — M by

Since every element in F can uniquely be written as a linear combination of elements in { f(s) }scs, we
have successfully defined a module homomorphism  : F — M such that g = h o f. The uniqueness of this
map is quite obvious. Hence, (F, f) is a free module on S.

Definition 2.11 (Basis). Let M be an R-module. Then S C M is said to be a basis if it is linearly
independent and generates M.

It is important to note that not every minimal generating set is a basis. Take for example the Z-module
Z. Notice that {2,3} is a minimal generating set but is not a basis for it is not linearly independent.

2.21 OveraPID
Throughout this (sub)section, let R denote a PID.

Theorem 2.12. Let F be a free R-module. If M < F is a submodule, then M is free and dim M < dim F.

Proof. Let F have basis {x;}ic; and 71; : F — R denote the natural projection. Using the Well Ordering
Theorem, we may suppose that (I, <) has a well order, in particular, we may suppose that I is a segment of
ordinals. For each i € I, denote

Mi::Mﬂ<{xj|j§i}>.

We shall show, using transfinite induction that each M, is free module with rank less than or equal to |a|.
Consider the base case, « = 1. Now, M is a submodule of Rx; whence is isomorphic to an ideal of R, which
is either the zero ideal of principal, i.e. free of rank 1.

We now move to the induction step. First, we consider the case when i is a successor ordinal and due to
the induction hypothesis, M;_1 is a free R-module of rank less than or equal to |i — 1]|. Let

a={m(x) | x € M},

Note that a is an R-submodule of R whence an ideal of R. Thus, either a = 0 or a = (a) for some a € R\{0}.
In the former case, M; = M;_1 which completes the induction step. In the latter case, there is some w € M;
such that 7;(w) = a.

Now;, consider any element x € M;. Then, x can be written as a linear combination

x =Y ajxj+bx;.
j<i

According to our choice of x, b € (a) whence, there is a suitable r € R suchthat x — rw € M;_;. That is,
M; = M;_1 + (w). We contend that this sum is direct. To see this, suppose cw € M;_1 for some ¢ € R and

suppose w = };<; &;x;. Then,
L =) B,

<i j<i

11



for some B; € R, implying that cx; = 0, i.e. ¢ = 0. Hence, M; = M; 1 @ (w).

Next, we deal with the case of limit ordinals. Suppose A is a limit ordinal in I. Then, we have a function
f : A = M such that for each i < A, the module M; is free, generated by {f(j) | j < i}. Whence, M, is
generated by {f(j) | j < A} and is obviously free. This completes the inductive step and thus the proof of
the theorem. |

2.3 Finitely Generated Modules

Definition 2.13 (Finitely Generated Module). An R-module M is said to be finitely generated if there
is a finite subset S of M which generates M. That is, there is no proper submodule N of M containing
S.

A submodule of a finitely generated module need not be finitely generated, let A = Z[x1,xp,...] and
consider A as an A-module. The ideal (x1, xy, .. .) is not finitely generated.

Proposition 2.14. An R-module M is finitely generated if and only if M is isomorphic to a quotient of R®" for
some positive integer 1.

Proof. We shall only prove the forward direction since the converse is trivial to prove. Suppose M is finitely
generated. Then, it is generated by a finite subset S = {x1, ..., x;; }. Define the R-module homomorphism
¢ : R — M by (r1,...,tn) + 711 + -+ + rax,. From the first isomorphism theorem, we have M
R / ker ¢. [ ]

Proposition 2.15. Let M be a finitely generated A-module and a an ideal of A. Let ¢ € End(M) such that
¢(M) C aM. Then, there are ay, . ..,a,_1 € a such that

9" +an 19"+ +ag =0

as an element of End (M), where ay. is treated as the homomorphism x +— arx in End(M).

Proof. Let {xq,...,x,} be a generating set for M. Then, for all 1 < i < n, there are coefficients {a;1,...,a;, }
in a such that

n
P(xi) = ) i)
j=1
We may rewrite this as
n
Y (9o — aij)x; =0
=1

Let B denote the matrix (¢d;; — a;j)1<;j<n- Then, multiplying by adj(B), we see that det(B)(x;) = 0 for all
1 < j < n where det(B) is viewed as an element in End(M) and thus, is the zero map in End(M). It is not
hard to see that det(B) is in the required form. ]

Corollary 2.16. Let M be a finitely generated A-module and a an ideal of A such that aM C M, then

there is a € a such that (1 +a)M = 0.

Proof. Substitute ¢ = id in the above proposition. u

12



Lemma 2.17 (Nakayama). Let M be a finitely generated module and a C R be an ideal such that M = aM.
Then, M = 0.

Proof. Let ¢ = id be the identity homomorphism in End(M). Using Proposition 2.15, there are coefficients
ap,...,a,—1 € a satisfying the statement of the proposition. As a result, x =1+ a,_1 + ... + a9 is the zero
endomorphism. But since a,,_1 4 ... + a9 € a C fR, x is a unit and hence, M = 0. [ ]

Corollary 2.18. Let M be a finitely generated A-module, N a submodule of M and a C A an ideal. If
M = aM + N then M = N.

Proof. We have M/N = aM/N, consequently, M/N = 0 and M = N due to Lemma 2.17. |

A surprising application of Nakayama is the following.

Proposition 2.19. Let M be a finitely generated A-module and ¢ : M — M a surjective homomorphism. Then,
@ is an isomorphism.

Proof. Notice that M also has the structure of an A[x]-module where the action of x is given by
x-m= @(m).

Further, note that M is still finitely generated as an A[x] module. Due to the surjectivity of ¢, we have
(x)M = M. Due to Corollary 2.16, there is some f(x) € A[x] such that (14 xf(x))M = 0, that is, for each
m € M, (14 xf(x))m = 0. If m € ker ¢, then it is immediate that 0 = m + f(¢)(¢(m)) = m and thus ¢ is
injective. This completes the proof. u

Lemma 2.20. Let (A, m) be local and k = A/wm. Let M be a finitely generated A-module. Let {X1,...,%,} be
elements in M /mM that form a basis for M /mM as a k-vector space. Then, {x1, ..., x, } generates M.

Proof. Let N be the submodule generated by {x1,...,x,}. Then, the composition N — M — M/mM is
surjective, consequently, M = N + mM whence, it follows that M = N. |

Proposition 2.21. Let a I A be a finitely generated ideal. If a is idempotent, then it is principal.

Proof. We have a2 = aand viewing a as an A-module, due to Corollary 2.16, there is some a € a such that
(1 —a)a = 0. In particular, a C (a), and thus, a = (a). |

2.4 Hom Modules and Functors

For R-modules M, N, we denote the set of all R-module homomorphisms from M to N by Homg (M, N).
When the choice of the ring R is clear from the context, we shall denote this set by Hom(M, N).

Proposition 2.22. Let M, N be A-modules. Then Hom (M, N) has the structure of an A-module.

Proof. It is obvious that Hom(M, N) has the structure of an abelian group. Define the natural action by
(af)(x) = af(x). Itis not hard to see that this action is well defined. ]

13



Proposition 2.23. Let { M, } yca be a collection of A-modules. Then, for any A-module N, we have a natural
isomorphism

Hom 4 (@ M,\,N) =~ || Homu(M,,N)

AEA AEA

Proof. Since the direct sum is the coproduct in A — Mod, the conclusion follows from the universal property.
|

Proposition 2.24. If M is a finitely generated A-module and {N;};c| is a collection of A-modules, then there is
a natural isomorphism

Hom 4 (M,@Ni) = @HOHIA(M/ N;)

iel iel

Proof. Consider the map
® : Homy (M,@Ni) — @G Homyu (M, N;)
i€l i€l

given by ®(f) = (7; o f);c;. That this map is well-defined follows from the fact that M is a finitely gener-
ated A-module. The rest is a routine verification of injectivity and surjectivity. u

Theorem 2.25. Let ¢ : M — N be an A-module homomorphism. Then, for every R-module P, there is an
induced A-module homomorphism ¢ : Hom(N, P) — Hom(M, P) and an induced A-module homomorphism
¢ : Hom(P, M) — Hom(P, N).

Equivalently phrased, Hom(—, P) is a contravariant functor while Hom(P, —) is a covariant functor.

Proof. We shall prove only the first half of the assertion since the second half follows from a similar proof.
Define ¢ using the following commutative diagram:

M- N

f
P

fO‘PI% o

To see that this is indeed an R-module homomorphism, we need only verify that for all f,¢ € Hom(N, P)
andallr € R, (f +rg) o¢ = f o ¢ + rg o ¢ which is trivial to check. |

Theorem 2.26. Hom(M, —) is a left exact functor.

Proof. Let 0 — N’ N 2 N be an exact sequence. First, we shall show that f is injective. Indeed,

let u € ker f. Then, f o u is the zero morphism. But since f is injective, we must have that u is the zero
morphism.

Next, we shall show that im f = kerg. Obviously, go f = 0 and thus it suffices to show kerg C ker f.
Let u € kerg. Thatis, gou = 0. Then, we may define v : M — N’ by v(m) = f~!(u(m)), which is well
defined since f is injective. It is not hard to see that v is a module homomorphism, implying the desired
conclusion. u
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2.5 Exact Sequences

Definition 2.27. A sequence of module homomorphisms
MLNSp

is said to be exact at N if im f = kerg. A short exact sequence is a sequence of module homomor-
phisms:
0—ML NP0

which is exact at M, N and P.

It is not hard to see that the sequence in the definition is short exact if and only if f is injective, g is
surjective and im f = ker g.
2.5.1 Diagram Chasing Poster Children

Throughout this (sub)section, A, B, C are R-modules where R is a commutative ring.

Lemma 2.28 (Splitting Lemma). Let 0 — A —— B - C — 0 be a short exact sequence. Then the
following are equivalent.

(a) Thereis ¢ : C — B such that mo ¢ = idc
(b) Thereis: B — Asuchthat por=idy

(c) Thereis an isomorphism ® : B — A @ C making the following diagram commute.

A C
A C

Proof. (a) == (b). Define y(b) = 1 1(b — ¢(7t(b))). That this map is well defined follows from im: =
ker 7t and that it is a homomorphism is trivial. It is not hard to see that ¢ o 1 = id 4.
(b) = (c). Define the map ® : B - A @ C by ®(b) = (¢(b), m(b —rop(b))). Itis trivial to check that
this is an R-module homomorphism. From the Short Five Lemma, it now follows that ® is an isomorphism.
(¢) = (a). Trivial. ]

0 t \p—1=1 0

ASC

2.6 Tensor Product

Definition 2.29 (Bilinear Map). Let M, N, P be A-modules. Amap T : M x N — Pissaid to be bilinear
if for each x € M, the mapping Ty : N — P given by y — T(x,y) is A-linear and for each y € N, the
mapping T, : M — P given by x +— T(x,y) is A-linear.

Fix two A-modules M and N. Let & denote the category of bilinear maps T : M x N — P where P is
any A-module. A morphism between two bilinear maps f : M x N = Py and g : M x N — P, in this

15



category is a module homomorphism ¢ : P} — P, such that the following diagram commutes:

MxN—Lsp
gl
L
P,

A universal object in ¢ is called the tensor product of M and N and is denoted by M ® N. In other
words, the tensor product is an initial object in the category %'

Definition 2.30 (Universal Property of the Tensor Product). Let M, N, P be A-modules and T : M x
N — P be a bilinear map. Then, there is a unique A-module homomorphism ¢ : M ® N — P such
that the following diagram commutes:

(PJ g

M®4N

Of course, having the universal property would imply that the tensor product, if it exists, is unique upto
a unique isomorphism. We shall now construct a tensor product of M and N.

Constructing the Tensor Product

Let F be the free A-module on M x N. Let us denote the basis elements of F by ¢, ,) where x € M and
y € N. Now, for all x,x1,x0 € M, y,y1,y2 € N and a € A, let D denote the submodule generated by
elements of the form:

C(xr+x2y) ~ Clxry) ~ Clxay)
Clxyrty2) — Clxyr) ~ C(xy2)
Claxy) ~ €(xy)

— ae(

€(xay) xy)

Let G = F/D and let ¢ : M x N — G be the composition of the following maps:
MxN—=F—»G

Let T : M x N — P be a bilinear map. Consider the following commutative diagram:

M X N——P
AT " el
F ﬁ G
To show that existence of ¢, we must show that D C ker f, since we can then finish using the universal

property of the kernel. But this is trivial to check and follows from the fact that T is a bilinear map and
completes the construction.

Similarly, we define the tensor product for a finite sequence of A-modules {M;} ;. That is, given a

n
multilinear map T : [ M; — P, there is a unique A-module homomorphism ¢ such that the following
i=1

16



diagram commutes:

Proposition 2.31. Let F and G be free A-modules with basis given by {f; }ic; and {g;} e respectively. Then,
F®a G is a free A-module with basis { f; ® gi}icr, jej-

Proof. Ttis not hard to see that the set { f; ® g;}ic1, jej is generating for F ® 4 G. Therefore, it suffices to show
that this set is linearly independent. Suppose not, then there is a finite linear combination

Y. aifi®gi =0

icl, jeJ

Pick some ip € I and jy € J. Let ¢ : F X G — A be the bilinear map such that

o 1 i= i() andj = jo
9(fig)) = {0 otherwise
This induces an A-module homomorphism ¢ : F ® G — A such that
)1 i=ipandj=jp
olfi®g) = {O otherwise
whence, it follows that a;;; = 0 and the collection {f; ® g;}icj, je; is linearly independent. |

2.6.1 Properties of Tensor Product

Given two modules M and N with the canonical map ¢ : M x N — M ® N, we denote by m ® n, the
element ¢(m,n) in M ® N.

Proposition 2.32. Let M, N, P be A-modules and { M; };c a collection of A-modules. Then,
(1)) MRaN=ZN®sM
(b))  MRAN)RAP2XM®s (NRAP)XM®4N®yP
(©) (Dier Mi) ®a N = Dje;(M; ®a N)
d A®a M= M
Proof.  (a) First, we shall show that there are well defined homomorphisms M® N - N ® M and N ®
M — M ® N mapping m ® n — n ® m and n ® m — m @ n respectively. This is best done using the

universal property. Let T : M x N — N x M be the isomorphism m x n — n x m. Consider now the
following commutative diagram:

MxN—3sNxM

-

M®N NoM
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Since both ¢’ and T are bilinear, so is ¢ o T, consequently, there is a unique induced homomorphism
f: M®N — N ® M making the diagram commute, consequently, f(m®@n) = ¢'(T(m x n)) = nQ@m.

Similarly, there is a homomorphism g : N®@ M — M ® N such that ¢(n ® m) = m ® m. It is not hard
to see that g o f = idpgn and f o ¢ = idygm, consequently, they are isomorphisms.

(b) We shall show (M ®4 N)®4 P =2 M ®4 N ®4 P since the proof of the other isomorphism follows
analogously. Fix some z € P and consider the map f, : M x N — M ®4 N ®4 P given by (x,y) —
X ®y ® z. This is an A-linear map and thus induces amap g; : M®4 N — M ®4 N ®4 P given
by :(x®y) = x@y®z. Themap G: (M@ N) xP - M@, N®,y P givenby G(x ®y,z) =
2:(x®y) = x®y Rz is a well defined A-linear map which inducesamaph : (M®4 N) @4 P —
M®4 N®yPgivenby (x@y) Rz xQy®z.
On the other hand, the map F: M X N x P — (M ®4 N) ®4 P given by (x,y,z) — x ®y ® z is A-
linear and thus inducesamap f: M@ N®4 P - (M@, N)®@4 Pgivenby xy®z — (xQY) ®z.
Since the maps f and & are inverses to one another for elementary tensors, they are inverses to one
another over their respective domains, whereby both are isomorphisms.

(c) Define the map f : (Pie; M;) X N = @B(M; ®4 N) by f((m;) @ n) = (m; ® n), which is a bilinear
map. This induces amap ¢ : (P;e; M;) @4 N = Dic;(M; ®4 N) such that f((m;) @ n) = (m; @ n).
Now, consider the map f; : M; x N - M ® N given by fj(m;,n) = 1;(m;) ® n. This induces a
map g : M; ®4 N — M ® N such that gj(m; ® n) = 1;(m;) ® n. We may now define a map ¢ :
Dier(M; ©4 N) — (Bjer Mi) ®4 N given by

P((my@n;)) =Y gi(m; @n;)
Obviously the sum on the right is a finite sum. Further, since each each g; is well defined, so is 1.

Lastly, we shall show that ¢ and ¢ are inverses to one another. Indeed,

pop((m) @n) =¢((m;@n)) =) 1(m;) @n = (m;) @n
and
¢oy((mi@n;)) =Y ¢(gi(m; @ny)) = (m; @ny)
(d) Consider themap T : A x M — M given by (a,m) — am. It is not hard to see that this map is bilinear,
consequently, there is a map f : A ® M — M such that the following diagram commutes:

AxM—"M

,'j
“"l T

A®M

Note that f(a ® m) = am by definition. Consider the map g: M — A ® M given by g(m) = 1@ m.
It is not hard to see that g is a well defined module homomorphism. Further, since f o g and g o f are
the identity homomorphisms, they both must be isomorphisms.

|
Example 2.33. Show that Z/mZ & Z/nZ = Z/ ged(m, n)Z for all m,n € IN. In particular, if m and n
are coprime, then Z/mZ ® Z/nZ = 0.
Proof. Consider the module homomorphism T : Z — Z/mZ @ Z./ n’Z. |

Let f: M — M and g: N — N’ be A-module homomorphisms. Then, the map ®: M x N - M’ ® N’
given by ®(m,n) = f(m) ® g(n). It is not hard to see that @ is bilinear. Consequently, it induces a map
f®g:M®N — M’ ® N’ such that

(fegxay) = f(x)©g(y)
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Further, if f' : M' — M” and ¢’ : N’ — N” are A-module homomorphisms, then we have another map
ffeg M @N — M’ ®N" such that

(fes)xey) =f(x) g y)

Now, it is not hard to see that (f' o f') ® (¢’ 0 g) and (f' ® ¢’) o (f ® g) agree on the elementary tensors,
therefore, agree on all of M ® N.

2.6.2 Restriction and Extension of Scalars

Let ¢ : A — B be a homomorphism of rings. We shall
¢ convert an B-module into an A-module. This is known as restriction of scalars.
¢ construct from an A-module a B-module. This is known as extension of scalars.

The first is rather easy to do. Begin with an B-module M and define the action of Aby a-m = ¢(a) - m.
That this is a valid ring action is easy to verify. As for the second, note that the homomorphism ¢ gives B
the structure of an A-module whereby, we may consider the tensor product of A-modules B ® 4 M. Now,
for b, b’ € B, define

b -(bom)=0bb@m

It is not hard to see that this is a ring, whereby, B ® 4 M is also a B-module.
2.7 Right Exactness

Proposition 2.34. Let M, N, P be A-modules. Then, there is a natural isomorphism:

Hom 4 (M, Homy (N, P)) 2 Homy (M ®4 N, P)

Proof. Consider the map
6 :Homy (M ®4 N, P) — Homy (M, Homx (N, P))

given by 6(a)(im)(n)
M x N — Pgivenby (
)

thaté(m ®@n) = n(m

= a(m ® n). Now, pick some 7 € Homy(M,Homy (N, P)). Define the map ¢ :
{(m,n) = n(m)(n). Obviously, { is bilinear and induces amap é : M @4 N — P such
n). Call the map sending 1 — J as p where

(
B : Homu (M,Homy (N, P)) — Homs (M ®4 N, P)

and () (m @n) = n(m)(n).

We contend that 6 and B are inverses to one another. Indeed,

((Bo0)(a))(m@n) =6(a)(m)(n) =a(mxn)
and
((80B)(n))(m)(n) = B(n)(m@n) = n(m)(n)

whence the conclusion follows. [ |
In particular, we see that the functor — ® 4 N is the left adjoint of the functor Hom 4 (N, —), consequently,
Hom 4 (N, —) is the right adjoint of — ®4 N.
Theorem 2.35. The functor — ® o N is right exact. That is, given a exact sequence
f

MMM —o0
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the sequence

1 1
M N Mo, NS M @ N — 0

Proof. Since the given sequence is exact, so is

Hom 4 (M"”,Hom4 (N, P)) 3, Hom 4 (M,Hom 4 (N, P)) 7, Hom 4 (M’,Hom,4 (N, P)) — 0
but from Proposition 2.34, so is
Homy(M"” ®4 N,P) — Homs(M ®4 N,P) — Homs(M' ®4 N,P) — 0
Since the above sequence is exact for all modules P, we have the desired conclusion. |

The tensor product is not left exact. Conider the sequence of Z-modules

0717

where f(m) = 2m. Upon tensoring with Z /27, we get the sequence

0— Z®y 2/22 18 7.9, 72./27

Note that
(fel)(men)=2mn=m® 2n) =mx0 =0

Therefore, the sequence cannot be exact.

Theorem 2.36. There is a natural isomorphism

(M®4B)®p (M ®4B) = (M®4 M) @4 B.

Proof. Note that the functor (— ®4 B) ®p (M’ ® 4 B) is right exact, since it is a composition of tensor prod-
ucts. First, note that the isomorphism is obvious when M is a free module. Now suppose M were arbitrary.
Then, we have an exact sequence

PhA—PA—M—0.
j€l j€l
Denote by F' = @jc; Aand F = @jcr A. Let
Op: (M®a4B)®g (M ®@4B) = (M®4M')®@4B.

We have shown above that 8 is an isomorphism whenever M is a free module. In particular, we have a
commutative diagram with exact rows.

(F/®A B) XB (M,®AB)*>(F®AB) ®B (M/®A B)*}(M@A B) XB (M,®AB)*>O

] ] |

(FRIaM)@pB—— 5 (FRaM)®pB——— (M@ M')®4 B————0

Conclude using the five lemma. ]

Theorem 2.37. Let ¢ : A — B be a ring homomorphism. Let M be an A-module and N a B-module. Note that
N is also an A-module owing to the restriction of scalars. Then, there is a natural isomorphism

(M®4B)®g N — M®4 N
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of B-modules.

Proof. Easy proof using universal properties. n

More generally, the following is true.
Theorem 2.38. Let M be an A-module, P a B-module and N an (A, B)-bimodule. Then, M @ o N is naturally
a B-module, N ®@p P an A-module and there is an natural isomorphism of (A, B)-bimodules:

(MRAN)RpP 2 M®yu (N®gP).

Proof. [ ]

As an application, we have the following.

Proposition 2.39. Let A be a local ring and M, N finitely generated A-modules. Then, M ® 4 N = 0 if and
onlyif M =0o0r N = 0.

Proof. Let k denote the residue field of A. Then,

(MR4k) @k (k@aN) =2 (M@sk) k) AN (MR (kQkk) QAN (M®sk)@4 N
2 hkRAM)QUNZk®Rs (M®4N) =0.

But a tensor product of vector spaces is 0 if and only if one of the two vector spaces is 0. Hence, either
M®ask=00r N®4k =0, whence, it follows from Lemma 2.17, that M = 0or N = 0. [ |

2.8 Flat Modules

Definition 2.40 (Flat Module). An A-module M is said to be flat if the functor — ® 4 N is exact.

We know that — ® 4 N is right exact, hence, it suffices to show that the functor is left exact.

Theorem 2.41. Let N be a A-module. Then, the following are equivalent
(a) N is flat

(b) If0 - M' - M — M" — 0 is an exact sequence of A-modules, then the tensored sequence

0—MesNIE M NEL M @ N —0
is exact.
(c) If f : M' — M is injective, then f @ 1: M' @ N — M ® N is injective
(d) If f + M' — M is injective and M, M’ are finitely generated, then f @41 : M' @4 N - M ®4 N is
injective.
Proof.
(a) <= (b): Is well known.

(b) = (c): Immediate from considering the short exact sequence 0 - M’ - M — M/M' — 0.
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(c) = (b): Since — ®4 N is known to be right exact as well.

TODO: Complete this later

|
Proposition 2.42. Let { M; };c be a collection of A-modules. Then, M = @ M; is flat if and only if M; is flat
i€l
foreachi € I.
Proof. From the fact that
M®a N = P(M; @4 N)
i€l
and the isomorphism is natural. ]
Corollary 2.43. Free modules are flat.
Proof. Obviously, A is a flat A-module, therefore, @) A is free for every indexing set A. n
Proposition 2.44. Let B be an A-algebra and M a flat A-module. Then, M ® 4 B is a flat B-module.
Proof. Follows from the natural isomorphism (M ®4 B) @ N 2 M ®4 N. ]

Lemma 2.45. The following are equivalent.
(a) M is flat.

(b) Tor (N, M) = 0 for all i > 0 and all A-modules N. Equivalently, Tor{*(M,N) = 0 for all i > 0 and all
A-modules N.

(c) Tor{!(N, M) = 0 for all A-modules N. Equivalently, Tor{(M, N) = 0 for all A-modules N.

(d) Tor{'(N, M) = 0 for all finitely generated A-modules N. Equivalently, Tori (M, N) = 0 for all finitely
generated A-modules N.

The equivalent statements follow from the balancing property of Tor.
Proof. (a) = (b) is immediate from the definition of Tor while (b)) = (c¢) and (¢) = (d) is

something a third grader could figure out. It remains to show that (¢) = (a). Let N and N’ be finitely
generated A-modules and f : N’ — N an injective homomorphism. Then, there is a short exact sequence

O<—>N’L>N—>cokerf—»0.

This sequence gives rise to a Tor long exact sequence
Tor{ (N, M) — Tor{!(N, M) — Tor{(coker f, M) — N’ @4 M — N ®4 M — coker f @ 4 M — 0.
Since N and N’ are finitely generated, so is coker f, whence we have a an exact sequence
0=+ N®sM— N®gM — coker f @4 M — 0.

In particular, this means that N’ ® 4 M — N ® 4 M is injective and M is flat. |
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Lemma 2.46.If0 — M’ — M — M" — 0 be a short exact sequence of A-modules with M" flat, then M’ is
flat if and only if M is flat.

Proof. Again, using the Tor long exact sequence, we have
- = Tor (N’, M) — Tor(N, M) — 0 — Tor? | (N’,M) — TorX {(N,M) -0 — ---.

The conclusion is now obvious. ]

Lemma 2.47. M is flat if and only if Tor{' (N, M) = 0 for every cyclic A-module N, equivalently, Tori (M, N) =
0 for every cyclic A-module N.

Proof. The forward direction is clear. We shall prove the converse. Let N be a finitely generated A-module,
say generated by {x1,...,x,}. Let N; denote the submodule generated by {x1,...,x;} for1 <i < n. We
have a short exact sequence

0— N, — Ni+1 — Ni+l/Ni — 0.

Note that Nj is cyclic and thus, Tor{! (N, M) = 0. We shall inductively show that Tor{! (N;, M) = 0. The
induction step follows from the Tor long exact sequence, since

Tor?! (N;, M) — Tor{!(Nj, 1, M) —— Tor{*(N;,1/Nj, M)

0 ? 0

and thus Tor{' (Nj, 1, M) = 0. In particular,
Tor{ (N, M) = Tor{!(N,, M) = 0.

This completes the proof. |

Corollary 2.48. M is flat if and only if Tor{' (A/a, M) = 0 for every ideal a I A. Equivalently, Tor{'(M, A/a) =
0 for every ideal a < A.

Proof. Every cyclic A-module is isomorphic to A/a as A-modules for some ideal a < A. ]

Lemma 2.49. M is flat if and only if Tor{' (A/a, M) = 0 for every finitely generated ideal a < A. Equivalently,
Tori (M, A/a) = 0 for every finitely genrated ideal a < A.

Proof. We shall show that for any A-module M, Tor{!(A/a, M) = 0 for every finitely generated ideal a is
equivalent to Tor{' (A/a, M) = 0 for every ideal a.
To see this, note that Tor?' (A/a, M) = 0 if and only if the sequence

0—a®aM— AR M

is exact, where this equivalence follows from the Tor long exact sequence. . B | complete
this
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Proposition 2.50. Suppose M" is a flat A-module and

0— M LM M 0

is a short exact sequence. If N is any A-module, then

0 M N Mo NEL M @, N —0

is exact.

Proof 1. The short proof is to consider the tail of the Tor long exact sequence.
oo = Tor! (M",N) = M @4 N - M@, N — M" @4 N — 0.

Since M" is flat, Tor{!(M", N) = 0 and the conclusion follows. [ ]

Proof 2. This is a beautiful proof using the Snake Lemma. Let F be a free module that surjects onto N with
kernel N’. Then, we have a short exact sequence

0—N —F—N—0.

We can now construct the following commutative diagram

M@IN — MU N — M' @4 N ——0

J | J

0— M @QUF—MQUF—M' @4 F——0

The snake lemma gives an exact sequence |

Lemma 2.51. A finitely presented flat module over a local ring is free.

Proof. Let M be a finitely presented (and therefeore, finitely generated) flat module over a local ring (A, m, k).
Let x1,...,x, € M be such that xy,...,%x, € M/mM form a basis as a k-vector space. As we have seen ear-
lier, x1, ..., x, then generate M as an A-module. Let F = A%" and ¢ : F — M denote the surjection that
maps the i-th basis element of F to x;. Then, ker ¢ is finitely generated due to Proposition 2.72. We have a
short exact sequence

0—skerg — F -5 M —»0.

Tensoring with k and invoking Proposition 2.50, we have
00— kerp®@sk — FRpk —>M®sk—0

is exact. But note that F ® 4 k — M ® 4 k is a surjection of vector spaces of the same dimension. Therefore,
an isomorphism of k-vector spaces, consequently, also an isomorphism of A-modules. In particular, this
means that ker ¢ ® 4 k = 0. Finally, due to Lemma 2.17, ker¢ = 0 and F = M. This completes the
proof. [ ]

Definition 2.52. A ring A is said to be von Neumann reqular or absolutely flat if every A-module is flat.
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Theorem 2.53. The following are equivalent
(a) A is absolutely flat.
(b) Every principal ideal in A is idempotent.

(c) Every finitely generated ideal in A is a direct summand of A as A-modules.

Proof. [ ]

Proposition 2.54. A local ring is absolutely flat if and only if it is a field.

Proof. Let (A, m, k) be local and absolutely flat. Then, there is a short exact sequence
0—-m—=>A—A/m—0.
Since A/m is a flat A-module, we may tensor to obtain the short exact sequence
0—omR4A/m— AR A/m—> A/m®y4 A/m — 0.
Note that A/m®4 A/m = A/m as A-modules and hence,
0—-mpA/m—>A/m— A/m—0

is exact whence m ® 4 A/m = 0, consequently, m = 0 due to Lemma 2.17. [ ]

2.9 Projective Modules

Theorem 2.55. For an A-module P, the following are equivalent:

(a) Every map f : P — M" can be lifted to f : P — M in the following commutative diagram:
p

Sl

MT)M”—»O

(b) Every short exact sequence 0 — M’ — M — P — 0 splits
(c) There is a module M such that P & M is free
(d) The functor Hom4 (P, —) is exact.

Proof.

(a) = (b): Taking M"” = P and f = idp, we have the desired conclusion.

(b) = (c): Let F denote the free module on the set P. Then, the map ® : F — P given by ®(ey) = x for all
x € Pis a surjective A-module homomorphism. We have the following short exact sequence:

0= ker® - F-2,p 0

This is known to split and thus, F = ¢(P) & ker ® where ¢ : P — F is the section.
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(c) = (d): Let M’ — M — M" be an exact sequence of modules and K be an A-module such that P® K =
F = A, Then, the induced sequence

[[M—=][M—=]]M

AEA AEA AEA

is exact. We have seen that there is a natural isomorphism Hom 4 (A, M) — M, consequently, there
is a natural isomorphism

Hom, (A®Y, M) = [ M
AEA

whence it follows that the sequence
Hom 4 (A2 A, M') — Homu (AP A, M) — Homu (A®A, M)

But since Hom 4 (A®", M) =2 Hom4 (P, M) & Hom4 (K, M), we have the desired conclusion.

(d) = (a): Trivial.

Definition 2.56 (Projective Module). An A-module P satisfying any one of the four equivalent condi-
tions of Theorem 2.55 is said to be a projective A-module.

In particular, from Theorem 2.55(c), we see that every free module is projective.

Lemma 2.57. A finitely generated projective module P over a local ring (A, m) is free.

Proof. Let {X1,...,Xn} be a basis for M/mM as a k-vector space where k = A/m. As we have seen earlier,
{x1,...,xn} generates M. Let F be the free module with basis {ey, ..., e, } and ® : F — M be the module ho-
momorphism given by ®(e;) = x; and K = ker ®. Since M is projective, there is a module homomorphism
¢ : M — F satisfying ® o ¢ = idy; and F = K& ¢p(M).

We contend that K = mK. Indeed, let x € K, then x = ) r;e; for a unique choice {ry,...,7,}. Then,
Y_rix; = 0, consequently, r; € m for all i. Since F = K & (M), we may write ¢; = u; + v; for some u; € K
and v; € P(M). As a result,

x—Y riu =Y rv; € ker®Nyp(M) = {0}

and the conclusion follows.
Finally due to Lemma 2.17, we must have that K = 0 whence M is free. [ |

Proposition 2.58. Projective modules are flat.

Proof. Follows from the fact that free modules are flat and projective modules are direct summands of free
modules. u

Theorem 2.59. Let [ denote the unit interval and A = C(I), the ring of real valued continuous functions on
I. Let M denote the A-module of continuous functions that vanish in a neighborhood of zero. Then, M is a
projective A-module.
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Proof. Consider the functions r; : I — R given by

0 0<x<Z
ri(x) =4 2x—1 % <x< 21'171
1
1 X 2 2i—1

For any f € M, there is a sufficiently large i such that r;f = f. Define the map ® : M — @2, A by

@(f) = (1 =7i1)f)jen -
For sufficiently large i, (1 — r;_1)f = 0. Now, define ¥ : @2, A — M by

IE]N Zrlal
For f € M, we have
TOCD 27’11*7’1 1f Z rllf f-
i=1

The last equality follows from the fact the sum was essentlally finite. In particular, this means that M is a
direct summand of a free module which completes the roof. |

Remark 2.9.1. It is also true that M is not a free A-module. I do not know of an elementary proof yet.

210 Injective Modules

Theorem 2.60 (Baer’s Criterion). Let Q be an A-module. Then Q is injective if and only if for every ideal a of
A, every A-module homomorphism f : a — Q can be extended to an A-module homomorphism f : A — Q.

Proof. ( =) Trivial.

(<= ) Let M C N be A-modules. It suffices to show that every A-module homomorphism f : M — Q
can be extended to an A-module homomorphism f : N — Q. We shall first show that given x € N\ M, the
map f can be extended to amap f': M+ (x) — Q. Indeed, let a = (M : x). Consider themap g : a — Q
given by ¢(a) = f(ax). This is obviously an A-module homomorphism and according to the hypothesis,
can be extended to an A-module homomorphism g : A — Q. Using this, we may define

f'(m+ax) = f(m) +g(x) Va € A.

It is straightforward to check that this is an A-module homomorphism which extends f.
Now, let (£, <) denote the poset of maps ¢ : M’ — Q where M < M’ < N are A-modules with the
relation ¢ < ¢ if ¢ is an extension of ¢. It is not hard to argue that every chain in X has an upper bound.

Thus, due to Zorn, there is a maximal element f : M — Qforsome M < M’ < N. If M’ # N, then by

choosing some x € N\M’, we may extend the map fto a map from M’ + (x) to Q, a contradiction. This
completes the proof. [ |

Proposition 2.61. Let R be a PID. Then, M is an injective R-module if and only if it is divisible.

Proof. Suppose M is injective. Leta € A\{0} and x € M. Then, the map f : (a) — M which maps a — x
can be extended to a map from A to M. If f(1) = y, then ay = x whence M is divisible.

Conversely, if M is divisible, then given any map f : (a) — M, if f(a) = x, then there is y € M such that
ay = M. Now, the map f: A — M givenby f(1) = y extends f whereby M is injective. This completes the
proof. ]
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2.11 Essential Extensions and Injective Hull

Add the-
ory about
essential ex-
tensions

I'll add the theory later. First, an application.

Theorem 2.62 (Schroder-Bernstein for Injective Modules). Let R be a possibly non-commutative ring and
M, N injective R-modules. If there are R-linear injections f : M < N and g : N — M, then M = N.

Proof. We may treat N as a submodule of M. Using injectivity of N, there is a submodule X of M such that
M = N & X. Let X,, denote the set f"(X) and L = @;,_, X,,. Consider the map ® : L — M given by

00
<1>(x0,x1,.. ) = in.
i=0

We contend that @ is injective. Indeed, suppose (x;) € ker ®. Then, there is some positive integer n such
that x; = O forall j > n and
o+ f(x1) + -+ f1(xn) = 0.

Therefore, xg € im(f) € N whence xg = 0, consequently, x; + f(x) + -+ + f"1(x,) = 0, since f is an
injection. Working inductively, we see that x; = 0 for all i and @ is injective.

We may now suppose that L is embedded inside M through the injection ®. Since f (L) C N, there is
an injective hull E of f(L) that is contained inside N. Since E is injective, there is a submodule Y of N such
that N=EQ@Y.

We have

E(L) = E(X @ f(L)) = E(X) & E(f(L)) = X & L.

Recall that f is an injection and thus, E(L) = E(f(L)) = E. Henc, E = X @ E. This gives us
MENGX=ZYPESX=ZYSRE=N.

This completes the proof. ]
2.12 Algebras

Definition 2.63. An A-algebra is a ring homomorphism ¢ : A — B. This endows B with the structure
of an A-module. The algebra is said to be of finite type if B is finitely generated as an A-module. A
homomorphism between algebras (¢7, B1) and (¢, B;) is a map ¢ : By — B, making the following
diagram commute.

ALBZ

o A

By

This gives rise to a locally small category A — Alg with morphisms as defined above.

An A-algebra B is said to be finite if it is finitely generated as an A-module. On the other hand, it is said
to be finitely generated or of finite type if it is the homomorphic image of a polynomial ring A[xy, ..., Xy]
for some positive integer n.

Proposition 2.64. If C is a finite B-algebra and B is a finite A-algebra, then C is a finite A-algebra.
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Proposition 2.65. If C is a B-algebra of finite type and B is an A-algebra of finite type, then C is an A-algebra
of finite type.

Proof. There is a surjective ring homomorphism ¢ : A[xy,...,x,] — B and a surjective ring homomor-
phism ¢ : Blyj,...,ym] — C. It is not hard to see that there is a surjective ring homomorphism @ :
Alx1, ..., X0, Y1, -, Ym) — C thereby completing the proof. ]

2.12.1 Tensor Product of Algebras
Consider the two A-algebras f : A —+ Band f : A — C. Then, the map
U:BxXxCxBxC—=B®yC
given by u(b,c, V', c’) = bb’ ® cc’ is A-multilinear, whereby it induces a map
#W:BRaCR®4B®,4C— B, C
given by y'(b@c@b @) = bb' @ cc’. Let D = B®,4 C. Then, we have ' : D ®4 D — D given by
Wb @cd)=bb®cc.

Let ¢ : D x D — D ®4 D be the natural map. Then, the composition - = ' o ¢ : D x D — D is given

by
(bxc) (Vo) =0bb @cc

We contend that (D ®4 D, +,-,0®0,1® 1) is a ring. To do this, we need only verify that multiplication
distributes over addition. Indeed,

(b@c) - (V@ +b' @c") = ((b@c) ® (b/®C/+b/,®Cﬂ))
=y (bocab e@d)+bocab’ @)
=bb' @ cc’ + bb" @ cc”

Leti: B— B®y Cbethemapb—b®1landj: C — B®4 C be the map ¢ — 1 ® c. Then the square in
the following diagram commutes.
B
|

f)B@A

A%

;

Let T be an A-algebra with A-algebra morphisms p: B — T and q : C — T. We contend that there is a
unique A-algebra morphism r : B®4 C — T making the above diagram commute.

To construct the map r, consider the multilinear map ® : B x C — T given by ®(b,c) = p(b)q(c). This
inducesamapr: B®4 C — T given by

r(b®@ec) = p(b)q(c).

This map obviously makes the diagram commute. It remains to show that r is indeed an A-algebra mor-
phism, for which, it suffices to show that it is a ring homomorphism. Indeed,

r((b@c)(t' ®c)) =r(bb’ @ cc’) = p(bb')q(cc’) = p(b)q(c)p(b)q(c") = r(b@o)r(b' @ c').

Hence, the tensor tensor product is a coproduct in the category of A-algebras.
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2.13 Structure Theorem for Modules over a PID

Throughout this section, let R be a PID.

Lemma 2.66. A finitely generated torsion free R-module is free.

Proof. Let M be a finitely generated torsion free R-module. Let {x1,...,x,} be a set of generators. Pick
a maximal linearly independent subset {vy,...,v,} of {x1,...,x,}. Then, for each x;, there is a linear
combination

a;x;j +byog + -+ byo, =0

with a; # 0 due to the maximality of {vy,...,v,}. Therefore, a;x; € (v1,...,v4) = (v1) @ --- B (vy). Let
a =aj---ay. Then, themap ¢ : M — (vy,...,v,) given by ¢(m) = am is an injective map. Thus, M is
isomorphic to a submodule of (vy, ..., v,). But note that

(01,...,0n) = (v1) D & (vy)
is a free module and hence so is M. [ |

The statement is no longer true upon dropping the finitely generated condition, for example, Q as a
Z-module is not free but is torsion free.

Definition 2.67. Let E be an R-module. For x € E, an element r € R such that Anng(x) = () is said to
be a period of x. An element c € R is said to be an exponent for E (resp. for x) if cE = 0 (resp. cx = 0).
The elements x1, ..., x, € E are said to be independent if

(xi)ﬂ(xl,...,a?i,...,xn) =0

In this case, (x1,...,%) = (x1) ® -+ - & (xp).

Remark 2.13.1. In order to show that x1, . . ., x,, are independent, it suffices to show that given any linear combination
a1x1 + - -+ apxy = 0, we must have a;x; = 0 for all 1 <i < n. Further note that the notion of independence is not
the same as that of linear independence. That is, we may have an independent set which is not linearly independent,
for each element in the set may be torsion.

The following lemma essentially states that it is possible to lift an independent set in a quotient module
to the original module.

Lemma 2.68 (Lifting Lemma). Let E be a torsion module with exponent p” for some prime p € Rand x1 € E
be an element of period p". Let E = E/(x1) and ¥,,...,7,, be independent elements of E. Then for each
1 < i < m, there is a representative y; € E of yj; such that the period of y; is same as the period of yj,. Further,
X1,Y1,- -, Ym are independent.

Proof. Lety € E, then, Ann(y) 2 Ann(E) 2 (p") whereby, Ann(y) = (p") for some n < r. Thus, p"y € (x1)

whence there is p°c € R with p 1 ¢ such that p"y = p°cx;. Now, pcx; has period p”~* and thus y has period

p" "%, This immediately implies that n + 7 — s < s and equivalently n < s. Consider now the element

z =y — p* "cx1. This is a representative for ¥ and its period is p”. This shows that we may lift the y;’s to E.
Finally, we must show that the liftings are independent. Indeed, suppose

axq +a]y1+"'+amym :O

then moving to E, we have a1y, + -+ - +ayy,, = 0but since y;,...,¥,, are independent, a;j; = 0 for each
1 < i < m. Now, if p’i is the period of y; (we have argued earlier that this must be a power of p) and
consequently, pi | a;. This immediately implies that a;y; = 0 and thus ax; = 0, which completes the
proof. ]

30



Let E be a finitely generated torsion module. For a prime p € R, define
Elp] ={x€E|3meN, p"x =0}

That this is a submodule is easy to verify. Further, it is finitely generated since it is the submodule of a
finitely generated module over a PID.

Let Ann(E) = («) where o = upi1 ... plr where u € R*.

Lemma 2.69. .

E = P E[pi

i=1

Proof. Letg; = a/pf’ﬂ Then, (41, ...,q,) = 1and hence, thereare 1, ..., 7, € Rsuchthaty1g1+-- -+ 7,9, =
1. For any x € E, we have

X=mqmxX A+ 7y
where 7;g;x € E[p;| for each i. Thus, E =}/, E[p;].
We shall now show that this sum is direct. Indeed, suppose x; € E[p;] such that x; +---+x, = 0.
Multiplying this equation by g;, we have g;x; = 0, consequently, Ann(x;) D (Plt-if ;) = (1), thatis, x; = 0
for each i. This completes the proof. u

Since E[p] is finitely generated, we may let E = E[p] henceforth. Since E[p] is finitely generated, take
a generating set {x1,...,x,}. Since (p") C Ann(x;) for some m € IN, we must have Ann(x;) = (p") for
some n;. As a result,

r
Ann(E) D () Ann(x;) # 0
i=1
whence Ann(E) = (p") for some positive integer n. We shall now show that E has a decomposition. Let
9MM(E) denote the minimum cardinality of a generating set of E. Obviously this exists since E has at least
one generating set.

Let x; € E be an element in a generating set with cardinality 9t(E) such that Ann(x;) divides the
annihilator ideal of every other element in the aforementioned generating set. This can be done because the
generating set has finite cardinality.

Let E = E/(x1). Obviously, M(E) < 9M(E) whereby, there is a decomposition E = (y;) @& - -+ & (7,,,)
with (;) = R/(p"). Due to the Lemma 2.68, there are corresponding elements y1,...,y, € E such that
the period of y; is that of y;, and x1,y1, ..., yn are independent. This shows that the following short exact
sequence spilts:

0—(xy) > E—E—0

whence E = (x1) ® (y1) ® - - - @ (ym). This completes the proof of the existence of a decomposition.
2.13.1 The Jordan Canonical Form

Let k be an algebraically closed field

2.14 Finitely Presented Modules

Ineed to place this section somewhere nice.

Definition 2.70 (Finitely Presented). An A-module M is said to be finitely presented if there are posi-
tive integers m and n and an exact sequence A”™ — A" — M — 0.

Obviously, every finitely presented module is finitely generated. Further, if A is a noethering, then an
A-module is finitely generated if and only if it is finitely presented.
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Proposition 2.71. If M is finitely presented, then for every A-module N and multiplicative subset S of A,

S™'Hom, (M, N) = Homg-1,(S"*M,S™IN)

Proof. There is a natural map T : S"!Homy (M, N) — Homg-1,4(S™'M,S™IN) given by (¢/s)(m/t) =
¢(m)/st. We shall show that this map is an isomorphism when M is finitely presented. To do so, we must
first show that this is an isomorphism when M = A" for some positive integer n. Indeed, since localization
commutes with direct sums, we have

S~ Homu (A®",N) = S~ [[Homyu(A,N) = [ [Homg1,4(S7'A,S7'N) = Homg 1,(S ' A®",N).

Since M is finitely presented, we have an exact sequence A" — A" — M — 0 for some positive integers m
and n. We have a commutative diagram.

0—— S~ Homy (M, N) —— S~ Hom (A", N) —— S~ Hom4 (A™, N)

J | |

0 —— Homg 1,(S7'M,S™IN) —— Homg1,(S71A",S7IN) —— Homg 1 ,(S1A™,S7IN)

and the conclusion follows from the five lemma (just add another column of zeros to the left). ]

Proposition 2.72. Let N be finitely generated and M a finitely presented A-module. If f : N — M s a
sutjection, then ker f is finitely generated.

Proof. Let A" — A" — M — 0 be an exact sequence. Then, there is a commutative diagram

A Ar M 0
Jh Hg idM
0 ker f N —M 0

with exact rows. Since A™ and A" are projective A-modules, the map id s can be lifted to maps g: A” — N
and h : A™ — ker f. Due to the Snake Lemma, there is an exact sequence

0 = keridp; — cokerh — coker g — cokeridp; =0

whence cokerh = coker g. But since N is finitely generated, so is coker g and hence so is coker /. Finally,

we have an exact sequence
A" — ker f — cokerh

where A™ and coker h are finitely generated. Thus, ker f is finitely generated. B | cite 2 out of
3 lemma
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Chapter 3

Localization

3.1 Rings of Fractions

Define the relation ~g on A x Sby (a,s) ~g (a’,s') if thereis t € S such that t(s’a — sa’) = 0. That this is an
equivalence relation is easy to verify. We shall use a/s to denote the equivalence class [(a,s)] in A x §/ ~s.
Consider the operations:
a a  sa+sad a a ad
!/

s ¢ ss’ s s ss’
It is not hard to see that these are well defined and endow A x S/ ~g with a ring structure. We denote
this ring by S~ A and is called the ring of fractions of A by S.
There is a natural ring homomorphism ¢ : A — S™!A given by ¢(x) = x/1. When A is an integral
domain and S = A\{0}, S~'A is precisely the field of fractions. Recall that if p is a prime ideal in A, then
S = A\p is a multiplicatively closed subset of A. We denote the ring S™!A by A,,.

Theorem 3.1. The ring Ay, is local.

Proof. Let S = A\p and define

m:{z aep,seS}

It is not hard to see that m is an ideal in A,. We contend that m is the ideal of non-units in Ay. Indeed, if
a/s € mis a unit, then there is b/t € Ay such that (ab)/(st) = 1, consequently, there is w € S such that
w(ab — st) = 0, whence wst € p, a contradiction.

On the other hand, if a/s ¢ m, then a/s is a unit since (a/s) - (s/a) = 1. Now, since the collection of all
non-units forms an ideal, the ring must be local due to Proposition 1.7. u

Proposition 3.2. Let m be the unique maximal ideal of A,. Then, Ay /m = Q(A/p) where the latter is the
field of fractions of A/¥p.
Proof. TODO: Add in later [ |

Similarly, when we let S = {a"} ;>0 for some a € A, we denote S™' A by A,.
There is a degenerate case, when we allow 0 € S, notice that the ring S—1A is the zero ring, since for all
a/s € ST1A, we have 0(as) = 0, therefore, a/s = 0/s.

33



Proposition 3.3. Let { A; };c; be a collection of commutative rings and {S; C A;} be a collection of multiplica-
tively closed sets. Then,

icl icl icl

-1
<H5i> (HAi> =T1(s; 14
Proof. Define the map ¢ : Hiel(si_lAi> — ([ier Si) ' (Tier A given by

p <ﬂz ) _ (ﬂz:)fez
Si /el (si)ier
It is straightforward to argue that this map is well defined and surjective. We now contend that this is an

isomorphism, for which it suffices to show that ker ¢ is trivial. Indeed, if (a;/s;)ic; € ker ¢, then there is
(t;)ier such that (t;a;);c; = (0);c; whereby, t;a; = 0 for each i and a;/s; = 0. This completes the proof. W

Corollary 3.4. Let { A;} be a collection of rings then every localization of [];c; A; is of the form (4;),
for some i € I where p; C A; is a prime ideal.

i

Proof. Follows from the fact that prime ideals in [];c; A; are of the form 7, 1(pi) where p; is a prime ideal
in Aj and 7 : [];c; A; — Aj; is the natural projection map. |

3.1.1 Universal Property

Fix a multiplicative subset S C A. Let 4 denote the category with objects as pairs (¢, B) where ¢ : A — B
is a ring homomorphism such that ¢(s) is a unit in B for all s € S. A morphism in this category is a map
f:(¢,B) = (¢,C) making the following diagram commute.

At ¢

|7

B

The ring of fractions is an initial object in this category. Therefore, we have the following universal
property. We shall verify in the “proof” that our construction of the field of fractions does satisfy this
property and is therefore an initial object in €.

Proposition 3.5. Let f : A — B be a ring homomorphism such that f(s) is a unit in B forall s € S. Then there
is a unique ring homomorphism ¢ : S~'A — B making the following diagram commute

Proof. Define themap g: S™'A — Bby g(a/s) = g(a)g(s)~!. To see that this map is well defined, note that
ifa/s =a'/s', then there is t € S such that t(s'a — sa’) = 0, consequently, g(t)(g(s")g(a) — g(s)g(a’)) = 0.
As a result, g(a)g(s)~! = g(a’)g(s") 1. From this, it follows immediately that g is a ring homomorphism
making the diagram commute.

As for uniqueness, note that for all a/s € S—14,

gla/s) =g(a/1)g(1/s) = g(a/1)g(s/1) ™" = f(a)f(s)™"
which is fixed by the choice of f. This completes the proof. ]
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3.2 Modules of Fractions

Let M be an A-module and S C A be a multiplicatively closed subset. Define the relation ~g on M x S by
(m,s) ~g (m',s") if and only if there is t € S such that t(s'm — sm’) = 0. That this is an equivalence relation
is easy to verify. We shall use m /s to denote the equivalence class [(m,s)] in M x S/ ~sg.

As in the previous section, there is a natural A-module homomorphism ¢ : M — S~!M given by
@(m) = m/1. This map is called the localization map.

It is not hard to see that S~ M forms an A-module. Further, it also has the structure of an S~! A module

under the action
a m a-m

s t st
Let f : M — N be an A-module homomorphism. Consider the map S~!f : S~!M — S~IN given by

r(2)-12

S

We must first show that this is well defined. Indeed, if m/s = m’/s’, then there is t € S such that
t(s'm —sm') = 0, consequently, t(s' f(m) —sf(m')) = 0,as aresult, f(m)/s = f(m')/s"in STI M.
We now contend that S~! f is an S~! A module homomorphism. Indeed, we have
—y (m pan ) pey (ts/m +/asm’) _ flsmor a4/ f(m) +asfOn') _ fGm) £
s ts sts sts sts S S

Finally, let f : M — N and g : N — P be A-module homomorphisms. Then,

5 (g0 ) (m) _sUfm) o, (S_l / (m)) g (f(m)) _ g(f(m)

S S

Theorem 3.6. S~' : A —Mod — S~!A — Mod is an exact functor.

Proof. Let M’ Ty M -2 M” be an exact sequence. Then, for any m’/s' € S™!M’, we have

s7lg (Slf (Z{)) —5lg (f(:j’)) _ g(fgn’)) 0

As a result, im(S~'f) C ker(S~'g). On the other hand, for m/s € ker S~'g, we have g(m)/s = 0, conse-
quently, there is t € S such that tg(m) = 0, equivalently, g(tm) = 0, whence, there is m" € M’ such that

f(m") = tm. Then, we have
flm) 2 o) e _m
st ] st st s

whence, ker(S~1g) C im(S~1f). This completes the proof. |

Proposition 3.7. Let N, P, {M;};c; be submodules of an A-module M. Then, for a multiplicatively closed
SCM,

(@) STYNNP)=S"INNnS~Ip

(b) §7! <2Mi> =Y s7'Mm;

i€l iel
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(c) STY(M/N) = S~'M/S™IN as S~' A modules.

Proof.

(b)

(©

(a) We have the exact sequences 0 - NNP — Nand 0 — NNP — P. Due to Theorem 3.6,
the sequences 0 — S™}(NNP) — S!Nand 0 — S™I(NNP) — S™IN are exact, consequently,
STY(NNP)C S INNSIP.

On the other hand, if n/s = p/t for somen € N, p € P and s,t € S, there is some u € S such
that u(tn —sp) = 0, equivalently, m = utn = usp € NN P. Thus, m/(stu) = n/s = p/t, and the
conclusion follows.

Let M = Y ;c; M;. Then, there is the exact sequence 0 — M; — M. Then, due to Theorem 3.6, the
sequence 0 — S~IM; — S~'M is exact. Consequently, Y S™'M; C S™'M.

icl
On the other hand, any element in S~'M is of the form (my, +---+m; ) /s =m; /s+---+m;, /s for
some m; € M; ands € S. The conclusion follows.

Consider the short exact sequence 0 -+ N — M — M/N — 0. Due to Theorem 3.6, we obtain
the short exact sequence of S~!A-modules 0 — S™IN — S™!M — S~1(M/N) — 0 whereby the
conclusion follows.

[ |

Proposition 3.8. Let S C A be a multiplicative subset. Then, there is a natural isomorphism S™'M =
STTA®4 M.

Proof.

Consider the map T : ST'A x M — S™'M, given by T(a/s,m) = am/s. This is a bilinear map

whereby it induces amap f : ST!A®4 M — S—1M given by f(a/s ® m) = am/s. This is surjective, since
f(1/s ®@ m) = m/s. We shall show ker f = 0. Indeed, suppose the finite sum ) _; a;/s; ® m; is in ker f. Let
s=][Is;and t; = H#i s;. Then,

Zai/s,' Om;=1/s® (Z(Zﬁﬂﬂ,’)
i i

The image under f of this tensor is ()_; a;t;m;) /s which is zero, whence there is u € S such thatu }; a;t;m; =
0, but this implies

1/s® (Zaitimi> =1/su® (M Zait,’m,) =0

This completes the proof. u

Corollary 3.9. For every multiplicative subset S C A, S~' A is a flat A-module.

Corollary 3.10. Let { M, } ;] be a collection of A-modules. If S C A is a multiplicative subset, then

iel i€l

s1 (@M,) ~PHs M

as Sl A-modules. As a result,

51 <2Mi> ~Y s M
iel iel
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as S~ A-modules.

Proof. The first assertion follows from the fact that the tensor product commutes with direct sums. As for
the second assertion, consider the exact sequence

@MZ‘—>2M1'—)O

icl i€l

and localize. ]

Proposition 3.11. Let S C A be a multiplicative subset. Then, there is a natural isomorphism S~ (M ®4 N) =
SilM ®S—1A SilN.

Proof. Define the map
®:5'MxSTIN =S H(M®y N)

<D<m,n> _ m®n'
st st

This is obviously S~!A-linear and thus induces a map

given by

Y:S '"M®s1,S !N =S (Mo, N)

given by

¥(Zor)-men
s st

We contend that this is an isomorphism of vector spaces. Define the map

I:S ' M@4N) =S "M®c1,SIN
S—1A

r("en) ="
S S 1

It is not hard to see that I' o ¥ and ¥ o I' are the identity maps whence they are isomorphisms. n

by

3.3 Local Properties

A property P defined on the class of modules is said to be local if for every A-module M,
M satisfies P if and only if M, satisfies P for each p € Spec A.

Proposition 3.12. Let M be an A-module. Then, the following are equivalent:
(a) M=0
(b) My = 0 for each p € Spec A
(c) My = 0 for each m € MaxSpec A
Proof. That (a) = (b) = (c) is obvious. We shall show (¢) = (a). Suppose not, then there is x €

M\{0}. Since Anny (x) is a proper ideal in A, it is contained in some maximal ideal, say m. Since My, = 0,
there is s € A\m such that sx = 0, a contradiction. This completes the proof. u
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Proposition 3.13. Let ¢ : M — N be an A-module homomorphism. Then, the following are equivalent:
(a) ¢ is injective (surjective).
(b) ¢p : My — N, is injective (surjective).
(¢) ¢pm : My — Np, is injective (surjective).
Proof. (1) = (b) follows from the exactness of localization applied to the exact sequence 0 - M — N
(M - N — 0)and (b)) = (c) is trivial. We shall show (c) == (a). We have the exact sequence
0 — ker¢ - M — N — coker¢p — 0. Upon localizing, for all maximal ideals m, we have the exact

sequence
0 — (ker¢p)m — My —> N — (cokerp)m — 0

Since we have ¢n, is injective (surjective), we have (ker ¢), ((coker ¢)n) is zero for all maximal ideals m,
whence we are done using to the previous proposition. |

Proposition 3.14. Flatness is a local property. That is, the following are equivalent.
(a) M is a flat A-module.
(b) My, is a flat Ay-module for every p € Spec(A).
(c) My is a flat Aw-module for every m € MaxSpec(A).

Proof. (1) = (b) follows from the exactness of localization and (b) == (c) is obvious. We shall show

(c) = (a). B |show that
c=>a

Proposition 3.15. Let M be a finitely presented A-module. Then, the following are equivalent:
(a) M is projective
(b) M, is projective for all p € Spec A
(c) My, is projective for all p € MaxSpec A
Proof. (a) = (b). If M is projective, there is a positive integer n and an A-module N such that M & N =

A". As a result, M, & M, = A" and is projective.
(c) = (a). ]

A surprising consequence of the previous proposition is the following.

Proposition 3.16. A finitely presented flat A-module is projective.

Proof. Follows from Proposition 3.15 and Lemma 2.51. [ |

Proposition 3.17. “Being an integral domain” is not a local property.

Proof. Let A be a nonzero integral domain and consider the ring R = A x A. This is not an integral domain.
Due to Proposition 3.3, every localization of R is isomorphic to A, for some p € Spec A, consequently, is an
integral domain. ]
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3.4 Extension and Contraction of Ideals

Definition 3.18.If a C A is an ideal, S C A a multiplicatively closed subset and ¢ : A — S~'A the
natural map. Define S~!a to be the extension of a under the natural map ¢.

Theorem 3.19. Let S C A be a multiplicatively closed set. Then,
(a) Every ideal in S—'A is an extended ideal.

(b) If a C Ais an ideal, then
a=J(a:s)

sES
Hence, a° = (1) ifand only ifaN S # @

(c) There is a bijection
{p €SpecA|SNp =3} < Spec(S1A)

given by p — S~ 1p, which is just the extension map.

Proof. (a) Leta C S~1A be an ideal. We shall show that a®® = a. We know that a®® C a therefore, it
suffices to show the reverse inclusion. Let x/s € a. Then, x/1 € a, and x € a°. Asaresult, x/1 € a*
and x/s € a®, implying the desired conclusion.

(b)

(c) Let p be a prime ideal in A that does not meet S. Let a/s,b/t € S™'A such that ab/st € S~ 1lp,
whereby there is an element p € p and r € S such that ab/st = p/r whence there is u € S such that
uabr = ustp. Since ur ¢ p, we must have ab € p, consequently, either a/s € S~'p or b/t € S~ !p,
implying the desired conclusion.

Conversely, since the contraction of any prime ideal in S~!p is also a prime ideal not meeting S, lest
the prime ideal in S~1 A contain a unit. Now, if p is a prime ideal, then

pCp={J(p:s)Cyp

seS

On the other hand, from (a), we see that if q is a prime ideal in S~!A, then q® = g, whereby the
bijection is established.

]
Proposition 3.20. The operation S~ on ideals of A commutes with formation of finite sums, products, inter-
sections and radicals.
Corollary 3.21. S~ ((A)) = N(S'A)
Proof. Since M(A) = +/(0). |

From the above proposition, we see that “91(A) = (0)” is a local property.
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Proposition 3.22. If M is finitely generated, then S~! Anny (M) = Anny (S~ M).

Proof. Induction on the number of generators. Sort of straightforward. Use the fact that

Ann(Nj + N2) = Ann(Np) N Ann(N>) [ ]

Theorem 3.23. Let f : A — B be ring homomorphism. Then, p € Spec(A) is a contraction of a prime ideal in
B if and only if p*° = p.

Proof. We shall prove only the converse, since the other direction is trivial. Suppose p* = p. Let S =
f(A\p), which is obviously a multiplicatively closed subset of B. Obviously, p° NS = & whence S~y is a
proper ideal in S™!B. Let m C S~!B be a maximal ideal containing S~'p°. Let q be the contraction of m in
B. This is a prime ideal containing p® and q N S = &, whence, q° must be contained in p but it also contains
p therefore, is equal to p. This completes the proof. [ |

Theorem 3.24. A is absolutely flat if and only if Ay, is a field for every m € MaxSpec(A).

Proof. The forward direction is obvious. We shall show the converse. Let M be an A-module. Then, My, is
an Ap-vector space and thus a flat Ap,-module. Since flatness is a local property, we see that M must be a
flat A-module. [ ]

3.5 Support of a Module

Definition 3.25. For an A-module M, the support of a module Supp(M) is defined to be the set of all
prime ideals p € Spec(A) such that M, # 0.

Theorem 3.26. For an A-module M and an ideal a < A, the following are true.
(a) If M # 0, then Supp(M) # 2.
(b) Supp(A/a) = V(a).
(¢) If0 > M' — M — M" — 0is a short exact sequence, then Supp(M) = Supp(M’) U Supp(M").
(d) If M = Y1 M, then Supp(M) = Uje; Supp(M;).
(e) If M is finitely generated, then Supp(M) = V(Anny (M)).
(f) If M and N are finitely generated, then Supp(M ® 4 N) = Supp(M) N Supp(N).
(g) If M is finitely generated, then Supp(M/aM) = V(a+ Anny(M)).

Proof.  (a) Follows from the fact that being zero is a local property.

(b) Note that (A/a), = Ap/ap and ap C Ay if and only if a C p.
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(c) Consider the localized short exact sequence
0 — M, — My, — My —0.

If p € Supp(M), then it must lie in either Supp(M’) or Supp(M”). On the other hand, if p ¢ Supp(M),
then the above sequence is
0— M, —0— My —0

whence p ¢ Supp(M’) U Supp(M”).
(d) Follows from the fact that localization commutes with arbitrary sums.

(e) First suppose M = (x1). Then, p € Supp(M) if and only if Anny(x1) C p. Thus the assertion holds
for cyclic modules. Then, using the previous assertion,

Supp((x1,...,%n)) = LnJ V(Anna(x;)) =V (ﬁ AnnA(xi)) = V(Anny(M)).

i=1 i=1

(f) Suppose p ¢ Supp(M @4 N), then My ®4, Ny = 0 and My, Ny are finitely generated Ay-modules.
Due to Proposition 2.39, M, = 0 or N, = 0, whence p ¢ Supp(M) N Supp(N), that is, Supp(M) N
Supp(N) C Supp(M ®4 N). On the other hand, if p ¢ Supp(M) N Supp(N), then My, ®4, Ny = 0
and the conclusion follows.

(g) We have, due to the previous assertion,

Supp(A/a®4 M) = Supp(A/a) NSupp(M) = V(a) N V(Anng(M)) = V(a+ Anng(M)). W
Place This Somewhere

Lemma 3.27. Let M be a finitely generated A-module. Let a I A be an ideal and xq,...,x, € M generate
M/aM. Then, thereis f € 1+ a such that x1/1,...,x,/1 generate My as an Af—module.

Proof. Consider the map ¢ : A" — M mapping ¢; to x;. Note that coker¢ ®4 A/a = 0 and thus, due to
Corollary 2.16, there is some f € 1+ a such that f coker ¢ = 0. The conclusion now follows. |

Lemma 3.28. Let M be a finitely generated A-module. Then, the following are equivalent:
(a) M is projective.
(b) M is strongly locally free.

(c) For every p € Spec(A), the module My, is free and has locally constant dimension with respect to the
Zariski topology.

(b) = (a). simplify this
= (c) Trivial.
(¢) = (b) Let m C A be a maximal ideal and let x1,...,x, € M map to an A/m-basis of M/mM.
Then, due to the previous lemma, there is some f € 1 + m such that x; /1,...,x,/1 generate M £ over A iz
Since py is locally constant, it is equal to r on an open set containing m € Spec(A). Choose a basic open
set D(g) with ¢ ¢ m on which p), is constant and equal to r. Define the map ¥ : A} ¢ — Mg, given by

Kol

r
D (ay,...,a,) = ZaiT'
i=1
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We contend that this is an isomorphism. Note the primes in Ay, are precisely the extensions of the primes
in D(fg). Let p € Dy,. Then, the localization Yy, at the extension of p in Ay, is the map

Kol

.
Yo Ay =M,  Y(ay,...,a) =) 4
i=1

Note that p € D(fg) C D(f) and thus, ¥y, is surjective since x1/1,...,x,/1 generate My over A¢. Further,
since M), is finitely generated and isomorphic to A}, the surjection ¥, must be an isomorphism whence ¥
is an isomorphism.

Hence, for each maximal m, we have found some /i ¢ m such that M}, is a free Aj,-module. The set of all
such h’s must generate (1) else they would be contained in a maximal ideal. This proves (b). |
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Chapter 4

Primary Decomposition

4.1 Primary Decomposition of Ideals

A primary ideal is a generalization of the ideals p"Z in Z, as is evident from the following definition.

Definition 4.1 (Primary Ideals). An ideal q C A is said to be primary if for every ordered pair x,y € A,

xy €q = x €qory" € qforsomen >0

From the definition, we see that every prime ideal is primary. It is not hard to see that
¢ qis primary if and only if every zero divisor in A/q is nilpotent.

e qis primary if and only if (0) is primary in A/q.

Proposition 4.2. If q is primary, then \/q is prime. Further, \/q is the smallest prime ideal containing q.

Proof. Suppose xy € /4, then there is n > 0 such that x"y" € q, consequently, there is an m > 0 such that
x" € qory™ € q, therefore, x € \/qory € ,/q, whence ,/q is prime. The second assertion is trivial. |

If q is a primary ideal, then p = ,/q is called the associated prime ideal of q and q is said to be p-primary.

Consider the ring A = k[x,y] and the ideal q = (x,y?). The quotient ring A /q is isomorphic to k[y]/ (y*)
where every zero divisor is nilpotent consequently, q is primary. The radical ideal p = /g = (x,y) is a
prime ideal such that p? C q C p, therefore, q is not a prime power.

On the other hand, consider the ring A = k[x,v,z]/(xy — z2) and the prime ideal p = (¥,z) C A. We
contend that p> C A is not primary. Indeed, note that Xy = z> € p> but ¥ ¢ p? and § ¢ p?, and the
conclusion follows.

Proposition 4.3. If \/a is maximal, then a is primary.

Proof. Letm = \/aand ¢ : A — A/a denote the natural map. Then, ¢(1/a) is the maximal ideal in A/a
and is also the nilradical of A/a, consequently, A/a is local and every non-unit is nilpotent. Hence, a is
primary. ]

Proposition 4.4. Let ¢ : A — B be a ring homomorphism. If q < B is a primary ideal in B, then q° is a primary
ideal in A.
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Proof. There is an injection A/q° < B/q. If (0) is primary in B/q then it is primary in A/q°. |

Lemma 4.5. If {q;}}"_, are p-primary, then so is ¢ = L, d;.
Proof. Obviously,
n
i=1
Let xy € q. Ify € p, then we are done, since p = /4. Else, y" & g; for every positive integer n, since p = |/q;

whereby x € g; for each 1 < i < n and the conclusion follows. [ |

Lemma 4.6. Let q be a p-primary ideal and x € A. Then
(a) ifx € q, then (q:x) = (1).
(b) if x & q, then (q : x) is p-primary.
(c) ifx ¢ p, then (q:x) =g.
Proof.  (a) Trivial.

(b) If y € (q : x), then xy € q, therefore, y € p. Thus, we have ¢ C (q : x) C p. Taking radicals,
p C /(q:x) Cp, whereby \/(q: x) =p.

On the other hand, if yz € (q: x), then xyz € q. If z € p, then we are done. Else, xy € qand y € (g : x)
whence (g : x) is p-primary.

(c) Ify € (q: x), then yx € q. Since x ¢ p, we must have y € g. This completes the proof.

Definition 4.7 (Primary Decomposition). A primary decomposition of an ideal a C A is an expression
of a as a finite intersection of primary ideals.

n
a= ﬂ qi
i=1

The ideal a is said to be decomposable if it has a primary decomposition. Moreover, if forall 1 < i < n,
/q; are distinct and
Naj Z ai

j#i
then the primary decomposition is said to be minimal.

Using Lemma 4.5, it is not hard to see that every decomposable ideal has a minimal decomposition.

Theorem 4.8 (First Uniqueness Theorem). Let a C A be a decomposable ideal and

n
a= ﬂ qi
=
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be a minimal primary decomposition with p; = \/q;. Then, the p;’s are precisely the prime ideals the occur in

theset {/(a:x)|x € A}.

Proof. First, note that
Via:x) = ﬂ V@i x) = pi
i= 1 X@z

Using Proposition 1.9, \/(a : x) = p; for some index j.
Conversely, for every 1 < j < n, there is x; € ;4 q;\q;. This obviously exists since the decomposition

is minimal. It now follows from Proposition 1.9 and the decomposition of /(a : x) we derived above that

Via:x) =pj ]

Proposition 4.9. Let a be a decomposable ideal. Then any prime ideal p 2O a contains a minimal prime ideal
belonging to a, and thus the minimal prime ideals belonging to a are precisely the minimal prime ideals in the
set of all prime ideals containing a.

Proof. Let p be a minimal prime ideal containing a. Consider a minimal primary decomposition of a given

by

n
p2a=[)a.
i=1

Let p; = /q;, then
n
p2Va= ﬂpi

i=1

and due to Proposition 1.9, there is an index j such that p 2 p; whence p; = p. Thus, every minimal prime
ideal containing a belongs to a. u

Proposition 4.10. Let S be a multiiplcatively closed subset of A and q be a p-primary ideal.
(@) IfSNp # @, then S~1q = S71A.

(b) If SNp = @, then S~ lqis S‘lp—primary and its contraction in A is q.

Proof. (a) is trivial. (b) : Recall that we have

“=UG@:s)=Jq
seS

seS

where the last equality follows from the fact that SN q = @. It remains to show that S~!q is primary. Indeed,
letx/s-y/t € S’lq. Then, there is z € q and w,u € S such that w(xyu — stz) = 0. But since wu ¢ q, we
must have xy € q, whereby x € qor y" € q for some positive integer 1, implying that either x/s € S~!q or
y"/#" € S~1q. This completes the proof. ]

Definition 4.11 (Isolated Set of Associated Primes). A set X of prime ideals associated with a is said
to be isolated if it satisfies the following condition:

if p’ is a prime ideal belonging to a with p’ C p forsome p € &, thenp’ € &
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Theorem 4.12 (Second Uniqueness Theorem). Let a be a decomposable ideal with a primary decomposition
a = (iLq ;- Let \/q; = p;. Suppose & = {pj,, ..., p;, } is an isolated set of associated primes of a, then ﬂ;-”:l i
is independent of the chosen decomposition.

Proof. Let S = A\ U]’.”:1 pi- Then, py NS = @ if and only if p; C ﬂ}":l pj whence due to Proposition 1.9, there

is a prime p;, containing py and equivalently, p; € X.
Whence, upon localizing with S, we have

n m
-1 _ -1 _ -1
sla=()s7a = ()57,
i=1 j=1
Contracting both sides, we have
m m m
-1
a® = ﬂs ai; =ﬂqff:ﬂqz‘j
j=1 j=1 j=1
and the conclusion follows. |

Corollary 4.13. In particular, the primary ideals which correspond to the minimal primes associated to
a are uniquely determined.

Proposition 4.14. Let X be an infinite compact Hausdorff space. Then, (0) is not decomposable in C(X), the
ring of continuous functions on X.

Proof. Suppose (0) = (_; q;.- Recall that the maximal ideals in X are in bijection with the points of X.
Denote the maximal ideal corresponding to a point x € X by my.

For each q;, choose a maximal ideal my, containing it. Choose some x € X\{x1,...,x;}. Choose an open
set V containing {x1,...,x,} and an open set U containing x such that UNV = @.

Using Urysohn’s Lemma, choose continuous functions f,¢ : X — [0,1] such that f(x) = 1 and
Supp(f) € U and g(x;) = 1 for every i and Supp(g) C V. By our choice of g, note that ¢" ¢ q; for
every 1 < i < n and every positive integer m. Since fg = 0, we must have f € q; forevery 1 <i < n,
implying that f = 0, a contradiction. This completes the proof. ]

Definition 4.15 (Symbolic Power). Let p € Spec A. The n-th symbolic power of p is defined to be the
contraction of the ideal p" A, in A, denoted p().

Being the contraction of a primary ideal in Ay, the symbolic power is always a primary ideal. Moreover,
Vp(™) = p whence, it is p-primary.
Proposition 4.16. With notation as above,
(a) p\") is a p-primary ideal.

(b) if p" has a primary decomposition, then p\") is its p-primary component.

Proof. (a) follows from the fact that the contraction of primary ideals is primary.
(b) Note that p" obviously would have a p-primary component and that would be given by the contrac-
tion of S~1p” where S = A\p. The conclusion follows. [ |
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4.2 Associated Primes of Modules

Definition 4.17. Let 2 € A and M and A-module. The homomorphism ay; : M — M given by x — ax
for all x € M is called the principal homomorphism. We say that ay, is locally nilpotent if for each x € M,
there is an integer n € IN such that a"x = 0.

Remark 4.2.1. If M is finitely generated, then ap; is locally nilpotent if and only if it is nilpotent.

Proposition 4.18. Let a € A and M an A-module. Then ay; is locally nilpotent if and only if a € p for each
p € Supp 4 (M), that is, a € N p.
pESupp, (M)

Proof. Suppose ay; is locally nilpotent and p € Supp(M). Then, there is some x € M such that x/1 # 0in
My, that is, a = Anny(x) C p. Since ay, is locally nilpotent, there is a positive integer n such that a” € a
whence a € p.

Conversely, suppose a is not locally nilpotent whence there is some x € M such that a”x # 0 for all
n € N. Let p be a prime ideal not intersecting {1,4,42, ... } and containing Ann4 (x)'. Then, x/1 # 0 in M,
whence My # 0and p € Supp(M), buta ¢ p. This completes the proof. |

Definition 4.19 (Associated Primes). For an A-module M, a prime p € Spec(A) is said to be associated
with M if there is x € M such that p = Annyu(x). The set of all associated primes of a module M is
denoted by Ass(M).

Equivalently, a prime p is an associated prime of M if there is an injection of A-modules, A/p — M.

Proposition 4.20. If the poset
Z = {Ann,(x) | x € M\{0}}

has a maximal element, then it is prime.

Proof. Let p be a maximal element of ¥ under inclusion. Let a,b € A with ab € p. If either a or b is zero,
then, trivially, 2 € p or b € p. Suppose now that both a, b are nonzero. Let x € M be such that p = Anny4(x)
and suppose b ¢ p. Then, p C Anng(bx) # (1) and due to maximality, we must have p = Ann4(bx), and
thus a € p. This completes the proof. ]

Corollary 4.21. Modules over noetherings have associated primes.

Lemma 4.22. Let A be a noethering and M an A-module with a € A. Then, ap is injective if and only if a does
not lie in any of the associated primes of M.

Proof. If ay, is injective, then 4 is not in the annihilator of any nonzero element, therefore, not an element
of any associated prime. On the other hand, suppose a); is not injective. Then, there is some nonzero
x € M such thata € Anny(x). Consider the poset of all proper annihilators containing Ann,4(x). Since A
is a noethering, this has a maximal element, say p. Note that p is also maximal in the poset of all proper
annihilators whence is prime and hence a is contained in an associated prime. This completes the proof. W

IThat we can do this is an easy application of Zorn’s Lemma
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Lemma 4.23. Let A be a noethering and M and A-module. Then, every p € Supp(M) contains an associated
prime.

Proof. If p € Supp(M), then there is some x € M such that (Ax), # 0, consequently, (Ax), has an asso-
ciated prime, say q. First, we contend that ¢ C p. Suppose not, then there is some a € q\p. Since q is an
associated prime, there is some 0 # y/s € (Ax)p such that ¢ = Anny, (y/s). In particular, by/s = 0. But
b/1is invertible in A, whence y/s = 0, a contradiction. Thus q C p.

Next, we shall show that q is an associated prime of M. Since A is a noethering, q is finitely generated,
say by by,...,b,. Then, bjy/s = 0 for each i, consequently, there is some s; ¢ p such that s;b;y = 0. Let
t = sy---s;, ¢ p. We contend that ¢ = Anny(ty). Obviously, ¢ C Anny(ty). On the other hand, if
b € Anny(ty), then bty = 0 whereby by/s = 0 and b € g. This completes the proof. [ |

Corollary 4.24. Let A be a noethering and M an A-module with a € A. The following are equivalent:
(@) ap is locally nilpotent.
(b) foreachp € Ass(M), a € p.
(c) foreachp € Supp(M),a € p.

Proof. (1) = (b) is immediate from the definition while (¢) == (a) has been proven. Both these
implications do not require the noethering hypothesis. The implication (b)) == (c) has been proven
above and requires the noethering hypothesis. |

Lemma 4.25. Let N be a submodule of M. Then,
Ass(N) C Ass(M) C Ass(N) U Ass(M/N).
Proof. 1t is obvious that Ass(N) C Ass(M). Now, let p € Ass(M). Then, there is some x € M such that
p = Anny(x). If x € N, then we are done. If not, then consider Ax N N. If Ax NN = 0, then, Ax is
isomorphic to the image of Ax under the projection M/N. Therefore, p is an associated prime of some
submodule of M/N. On the other hand, if Ax NN # 0, then there is some y = ax € N for some a € A.

Obviously p annihilates y. If b € A annihilates y, then bax = 0 whence ba € p. Butsincey # 0, a ¢ p
and thus b € p. This completes the proof.

Lemma 4.26. Let S C A be a multiplicative subset and N an S 1 A-module. Then,
Assg 1,(N) =S Asss(N)\{S1A},

where
STl Asss(N) :={S71p|p € Assa(N)}.

Proof. u

Lemma 4.27. Let A be a noethering, M a non-zero A-module and S a multiplicative subset of A. Then,
Assg1,4(STIM) = S Ass o (M)\{SLA}.

Proof. [ |
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Corollary 4.28. Let A be a noethering. Then,

p € Assg(M) <= pAy € Assy, (My).

Proof. Take S = A\p and the conclusion follows from the above lemma. |

Proposition 4.29. Let A be a noethering and M # 0 a finitely generated (and hence, noetherian) A-module.
Then, there is a filtration
M=My2M; 2---2M; =0

such that M;/ M;1 = A/p; for some p; € Spec(A).

Proof. Since A is a noethering, Asss(M) is non-empty. Pick a prime py € Asss(M). Then, there is an
injection A/py < M. Then, there is a submodule Ny of M that is isomorphic to A/pg. If M = Nj, then we
are done. If not, then consider M/ Njy. This also has an associated prime p; and hence, there is a submodle
Nj of M containing Ny such that M/N; = A/p;. Continuing this way, we obtain a sequence (the finiteness
of this sequence requires M to be noetherian):

NoCNi G- CNy=M

where M/N; = A/p; for some p; € Spec(A). This completes the proof. |

Lemma 4.30. Let A be a noethering. Then, the set of all zero divisors on M is given by

U »

pEAss (M)

Proof. 1If a € A is a zero divisor on M, then, the set
{a<9A|a€aand a = Anny(x) for some x € M}

admits a maximal element (due to noetherian-ness), say p. This is an associated prime and contains a. The
converse is trivial. [}

Lemma 4.31. Let A be a noethering and M a finitely generated (equivalently, noetherian) A-module. Then,
Assy (M) is finite.
Proof. As we have seen earlier, M admits a filtration
M=My2M;2---2M,=0
where M;/M;,1 = A/p; for some p; € Spec(A). We have short exact sequences
0 — M1 — M; — M;/M;;1 — 0.

Then,
Ass(M;) C Assg(M;y1) UAssg(M;/ My 1) = Assa(Mir1) U {p;}.

Inductively, we see that
Assa(M) € {po, ..., Pu-1}. u
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Lemma 4.32. Let A be any ring. Then,
Ass (M) C Supp 4 (M).

Proof. Let p € Assy(M). Then, there is an injection A/p — M. Localizing at p, we have an injection
Q(A/p) = M. Thus, M # 0and p € Supp ,(M). ]

Lemma 4.33. Let A be a noethering. The minimal elements of Ass 4 (M) and Supp , (M) are the same.

Proof. Let p € Ass, (M) be minimal. We have seen that p € Supp,(M). Suppose q € Supp ,(M) with
q C p. Note that
Assa, (Mg) = (AssA(M))q \{4q} = 2.

Therefore, Mq = 0 and q ¢ Supp 4 (M). This shows that the minimal primes of Ass (M) are a subset of the
minimal primes of Supp 4 (M).
Conversely, suppose p € Supp 4 (M) is minimal. Then,

@ # Assp, (M) = (ASSA(M));, \{Ap},

where the first “equality” follows from the fact that M, # 0. Hence, there is a prime ideal q C p that is an
associated prime of M and hence, also lies in the support of M. It follows that ¢ = p whence p € Ass(M).
This completes the proof. |

4.3 Primary Decomposition of Modules

Definition 4.34. Let M be an A-module. A submodule Q of M is said to be primary if Q # M and for
each a € A, the homomorphism ay;,( is either injective or nilpotent.
Equivalently, the above definition implies that if a5, is a zero-divisor, then it is nilpotent.

Proposition 4.35. Let Q be a primary submodule of M. Then,
p:={a € A|apyq is nilpotent }

is a prime ideal.

Proof. Letab € p, thatis, (ab)y/q is nilpotent. If a ¢ p, then a);, ¢ is injective and thus by, is nilpotent,
i.e. b € p. This completes the proof. |
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Chapter 5

Integral Extensions

Definition 5.1 (Integral Extension). Let A C B be a subring. Then, « € B is said to be integral over A
if it satisfies a monic polynomial in A[x]. The extension A — B is said to be integral if every element
of B is integral over A.

Similarly, if a C Aisanideal, then a € Bissaid to be integral over a if it satisfies a monic polynomial
in A[x] with coefficients in a.

Theorem 5.2. Let A C B be a subring and o € B. Then, the following are equivalent:
(a) wis integral over A
(b) Ala] is a finitely generated A-module
(c) Alw] is contained in a subring C of B such that C is a finitely generated A-module
(d) There is a faithful Alx]-module M which is finitely generated as an A-module.
Proof. (a) = (b): If & + a,_1a" ' +--- +ag = 0. Then, it is not hard to argue that {1,a,...,a" !} gen-
erated Ala] over A.
(b) = (c): Take C = Alua]
(c) = (d): Cis a faithful Aa] module which is a finitely generated A-module.

(d) = (a): Let ¢ : M — M be the map m — a - m. We have $(M) C AM, consequently, due to Proposi-
tion 2.15 (since a = A is an ideal in A), there are 4; € A such that

("4 a, 10" P+ fag) - m=0

for each m € M. But since M is a faithful A[a]-module, we must have a” +a,,_1a" "' +--- 4+ a9 = 0,
whereby « is integral over A. |

Corollary 5.3. If B is a finite A-algebra, then B/ A is an integral extension. In particular, every element
of B is integral over A.
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Proposition 5.4. Let G be a finite group of ring automorphisms of A and let
AS:={ac A|g-a=a, VYge€G}

Then, A/ AS is an integral extension.

Proof. Tt is easy to see that AC is a subring of A. For any a € A, consider the monic polynomial

flx) = [T (x=0c(a)).

ceG

This is obviously a polynomial with coefficients in A® and has x as a root. Thus, x is integral over A®. W

Proposition 5.5. Let {«;}!" ; be elements of B, each integral over A. Then the ring Alay, ..., &y is a finitely
generated A-module, equivalently, a finite A-algebra.

Proof. Let Ay denote the subring A[ay, ..., a] for k > 1. We shall induct on k with the convention Ay = A.
Obviously A is a finite A-algebra. We have Ay ,1 = Ag[ax,1] and thus is a finite Ag-algebra. But since Ay
is a finite A-algebra, so is Ay, thereby completing the proof. u

Corollary 5.6. The set C of elements of B which are integral over A is a subring of B containing A.
Proof. Let w,p € C. Then, Ala, B is a finite A-algebra. Now, A C Ala — B] C Ala,B] and A C Afap] C
Ala, Bl whereby both a — B,ap € C and C is a ring. |
The set C as defined above is called the integral closure of A in B. If C = A, then A is said to be integrally

closed in B.

Theorem 5.7. Let A C B C C such that B/ A and C/B are integral extensions. Then C/A is an integral
extension.

Proof. Leta € C. Then,
a4 by " by =0

for some b; € B. Then, « is integral over B’ = A[by, ..., b,_1], consequently, B'[«] is a finite B’-algebra. But
since B’ is a finite A-algebra, B'[«] is a finite A-algebra and « is integral over A. |

Corollary 5.8. Let A C B and C be the integral closure of A in B. Then, C is integrally closed in B.

Proof. Let a € B be integral over C. Then, C[a] is integral over C, whereby C[a] = C. [ ]

Proposition 5.9. Let A C B be an integral extension. Then,

(a) if b C Bis an ideal and 7t : B — B/b is the canonical surjection, then B/b is integral over t(A). In
particular, due to the First Isomorphism Theorem, we see that B/b is integral over a copy of A/a where
a=bNA.

(b) if S C A is multiplicatively closed, then S~1B is integral over S™1 A.
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Proof. (a) Let B € B/b, then there is some « € B such that 7r(a) = B. Then, there are ag,...,a,-1 € A
such that
W4 a, 0" fag=0

whereby
B"+m(ana)p" "+ -+ 7(ag) = 0

and the conclusion follows.

(b) Leta/s € S™IB. Since  is integral over A, there are ay, ..., a,_1 € A such that
" a4 =0

then
(a/8)" + (an—1/s)(a/s)" F + - +ag/s" =0

which completes the proof.

u

5.1 The Cohen-Seidenberg Theorems
51.1 Going Up Theorem

Proposition 5.10. Let A C B be an integral extension of integral domains. Then A is a field if and only if B is

a field.
Proof. = If x € B\{0} is integral over A, then

Xt a, X =0
for some a; € A. Then, x(x" ! +a, 1x" "2+ .- +ay) = —ap, in particular, x is a unit in B.
<= Letx € A\{0}. Then, x! € Bis integral over A and satisfies an equation of the form
X" a, x4 g = 0.
Multiplying this equation by x" 1, we have
x V= —(ay_q+apox+---+apx" N €A,

whence A is a field. n

Proposition 5.11. Let A C B be an integral extension, ¢ C B a prime ideal and p = q¢ = qN A. Then q is
maximal if and only if p is maximal.

Proof. Due to Proposition 5.9, B/q is integral over a copy of A/p. The conclusion now follows from the
above proposition. [ ]

Proposition 5.12. Let A C B be an integral extension. Let q,q' C B be prime ideals of B such that q C q'. If
qNA=q NA=p, thenq=4¢.
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Proof. LetS = A\p and treat all rings and ideals as A-modules. Then, S™!A C S~1B is an integral extension
and since NS = q' NS = @, the ideals S~'q and S~!¢’ are prime ideals in B such that

STlgnstA=5"1qnA)=Sp=51gdnA) =51¢ns A

where all the above equalities follow from treating p, q,q’, A as A-submodules of B, in particular, due to
Proposition 3.7.

But note that S~!p is maximal in A whence S~1q = S~!¢’ due to the previous proposition. But recall
that under localization, the contraction after extension of prime ideals is the prime ideal itself, whereby the
contraction of S~!q is q whence q = ¢'. |

Lemma 5.13. Let A C B be rings, B integral over A, and let p be a prime ideal of A. Then there is a prime ideal
q of B such that qN A = p.

5.1.2 Going Down Theorem

Definition 5.14. An integral domain is said to be normal if it is integrally closed in its field of fractions.

For example, Z is integrally closed since the only algebraic integers in Q are the integers.

Lemma 5.15. Let A C B be rings and C the integral closure of A in B. Let S C A be multiplicatively closed.
Then S~1C is the integral closure of S~1 A.

Proof. Since C is integral over A, we have that S™1C is integral over S™'A. It remains to show that any
element that is integral over S~ A is contained in S™'C. Indeed, let b/s € S~!B be an element in S~' A that
is contained in the integral closure. Then, there are a;/s; such that

(b/s)" +ay_1/sp—1(b/s)" 14+ 4ag/sg =0
Let t = 51 - - - 5,1 and multiply the equation throughout by (st)" to obtain

(b8)" +bya (b1)" ' 4+ by _

1 0.

Thus, there is u € S such that
u [(bt)” by (b)) bo} =0

Again, multiply the equation by 1~ to obtain
(ubt)" + cp_q (ubt)" 1 .- 4o =0,

consequently, ubt is integral over A, therefore, lies in C. As a result, b/s = (ubt)/(sut) € S'C. This
completes the proof. [ ]

Lemma 5.16. Let A be an integral domain and S C A a multiplicatively closed subset. If A is normal, then
S~1A is normal.

Proof. Let K denote the field of fractions of A. Since A is an integral domain, the natural map A — S~1A
is an inclusion. Moreover, the inclusion A — K maps every element of A to a unit and thus induces an
inclusion S~1A — K. We can now treat A C S~1A C K. Since K is a field, the field of fractions of S~1A
must also be contained in K. Therefore, it suffices to show that S™1A is integrally closed in K. But from
Lemma 5.15, we see that S A is the integral closure of S™'A in S™!K = K. This completes the proof. =W
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Proposition 5.17. Let A be an integral domain. Then, the following are equivalent:
(a) A is normal
(b) Ay is normal for all p € Spec A
(c) A is normal for all m € MaxSpec A

Proof. (1) = (D) follows from the previous lemma and (b)) = (c) is obvious. We shall show that
(c) = (a). Let K be the field of fractions of A and C denote the integral closure of Ain K. Let:: A — C
be the inclusion map. We shall show that ¢ is a surjection. Note that both A and C are integral domains and
Cu is the integral closure of A, in K and therefore, in Q(Ay,), consequently, Ay, = Cyy due to (¢). As a
result, i, is a surjection for all maximal ideals m implying that : is a surjection. n

Lemma 5.18. Let C be the integral closure of A in B and let a C A be an ideal. Then, the integral closure of a in
B is \/a® where the extension is taken through the inclusion A — C.

Proof. If x € C is integral over a, then x satisfies an equationo the form
X' a, x4 g

with a; € a. Thus, x* € a® whence x € v/a®.

Conversely, suppose x € 1/a¢, then there is a positive integer n such that x" € a°. Then, x" = a;x; +
-+« + ayx,; where each a; € aand x; € C. Let M = Alxy,...,xy]. Since each x; is integral over A, M
is a finitely generated A-module. Let ¢ : M — M be the homomorphism given by ¢(y) = x"y. Then,
¢$(M) C aM. Thus, ¢ satisfies and equation of the form

¢ +a,_1¢0" - Fagid =0

whre g; € a. Thus, x is integral over a. n

Proposition 5.19. Let A C B be integral domains with A integrally closed. Let & € B be integral over an ideal
aof A. Then w, viewed as an element of L := Q(B) 2O Q(A) =: K is algebraic over the field of fractions K of A.
Further, if the minimal polynomial of « over K is given by x" + a, _1x"~' + - - - + ag, then each a; is an element

of v/a.

Proof. Letay,...,a; be the distinct conjugates of a in K, an algebraic closure of K containing L. Then, each
«; is integral over a. The irreducible polynomial of « over K is given by

k

[T(x—a)

i=1

for some exponent e. In particular, the coefficients of the non-leading terms are polynomials in th «;’s
whence are integral over a and also lie in A, whence are elements of \/a. This completes the proof. u

Theorem 5.20 (Going Down Theorem). Let A C B be an integral extension of integral domains with A
integrally closed. Suppose p1 D - - - D py, are prime ideals in A and correspondingly q1 O - -+ D qy are prime
ideals in Bwithm < nand q; N A = p; for 1 <i < m, then there are prime ideals ¢, 41 D qn With Gy D 1
such that q; N A = p; form < i < n.
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Proof. We shall prove this in the case m = 1 and n = 2. This obviously suffices to prove the theorem in its
full generality. Consider the composition of maps

A — B — By,

where the composition shall be denoted by f : A — Bg,. It suffices to show that there is a prime in By,
contracting to py. Due to Theorem 3.23, it suffices to show that p** = p where the extension and contraction
is taken with respect to f.

Let x € pyBg,. Then, x = y/s for some y € Bp; and s € S. Note that s is integral over the ideal (1) in A
and thus its minimal polynomial over K is of the form

R A

where a; € A.
Now, y € B and lies in ppB C /pp B whence is integral over p, and hence its minimal polynomial over
K is of the form ) )
4 by L4y

with b; € \/pa = p2. Since s = y/x in Q(B), the minimal polynomials of s and y over K must have the same
degree, thatis, r = v’ and b; = X lgifor0<i<r—1.1fx ¢ po, then a; € py for 0 < i < r — 1, which would
imply s” € poB C p1B C qq,i.e. s € q1, which is absurd. Thus, x € p, whence p5° C pp, which completes the
proof. ]

5.1.3 Another Proof of the Going Down Theorem

Lemma 5.21. Let A C B be an integral extension of integral domains. If S = A\{0}, then S™'B = Q(B), the
field of fractions of B and the extension Q(B)/Q(A) is algebraic.

Proof. Note that Q(A) C S™!B is an integral extension of integral domains and hence, S™1B is a field that
is contained in Q(B), whence, is equal to Q(B). The assertion about algebraic extensions follows from the
integrality of the extension. u

Lemma 5.22. Let L/K be a normal extension of fields with G = Aut(L/K). Let A be an integrally closed
subring of K = Q(A), B the integral closure of A in L. Then, for any prime p € Spec(A), G acts transitively
on the fiber of p in Spec(B).

That G acts on each fiber is trivial to see. Only the transitivity of the action must be demonstrated.

Proof. First, suppose L/K is a Galois extension. That the statement is true for finite Galois extensions is
common knowledge. We know that

Gal(L/K) = lim Gal(E/K)
E

where E ranges over all finite Galois extensions of K. Let q, g’ be primes lying over p. For every finite Galois
subextension E of L/K, let Cr denote the integral closure of A in E and pg, p; the respective contractions
of q,q". We know that there is a collection {¢g} € Gal(E/K) such that og(pg) = p}. Note that the inverse
image of this set in Gal(L/K) is a closed (and hence compact) set, which we shall denote by Sg.

If Eq, ..., E, are finite Galois subextensions of L, then their compositum F = E; - - - E, is a finite Galois
subextension and hence,

n
@ # Sp C m SEI.,
i=1
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thatis, { S} has the finite intersection property and thereis a o € (] Sg, which is the required automorphism
taking q to q'.

Now, suppose L/K is normal and F = LS. Then, L/F is Galois and F/K is purely inseparable. Let C
denote the integral closure of A in F. We claim that there is precisely one prime in C lying over p € Spec(A).
Indeed, consider

g={xeC|In>0 x" ep}.

It is not hard to show that q is a prime ideal in C and lies over p. Further, any prime ideal q’ lying over p
must contain g, consequently, must be equal to q. |

Theorem 5.23 (Going Down Theorem). Let A C B be an integral extension of integral domains with A
integrally closed. Suppose p1 D - - - D py, are prime ideals in A and correspondingly q1 O - -+ D qy, are prime
ideals in Bwithm < nand q; N A = p; for 1 <i < m, then there are prime ideals ¢, 11 2 qn With Gy D qppp1
such that q; N A = p; form < i < n.

Proof. We shall prove this in the case m = 1 and n = 2, which obviously suffices to prove the theorem in
its full generality. Let K denote the fraction field of A and L that of B. Let L’ denote the normal closure of
L in L, the algebraic closure containing L and C the integral closure of A in L’. Let B; denote a prime in C
lying over q; (hence, over p;) and 3 a prime in C lying over p,. Due to the Going Up Theorem, there is a
prime B’ D P in C lying over p;. Since Aut(L'/K) acts transitively on the fiber of any prime, there is an
automorphism ¢ € Aut(L'/K) such that (') = P;. Then, P, = ¢(P) is a prime in C lying over p, that is
contained in ;.

Let g2 = P N B. Then, q; is a prime in B lying over p; that is contained in q;. This completes the
proof. ]

Corollary 5.24. Let A C B be an integral extension of integral domains with A integrally closed. If
q € Bisaprime and p = qN B, then ht(q) = ht(p).

5.2 Field Theory Arguments

Definition 5.25. Let V be a finite dimensional vector space over a field k. A bilinear form on V is a
k-bilinear map ¢ : V x V — k. The form 1 is said to be non-degenerate if the left kernel,

{veV|yvx)=0forallx e V} =0.

Lemma 5.26. If eq, . .., e, is a basis for V and 1 a non-degenerate bilinear form, then there is a basis f1, ..., fx
of V such that Y (f;,e;) = d;;. We shall call this the dual basis of {e; } with respect to .

Proof. Consider the map @ : V — V'V given by

This is an injective map since ¢ is non-degenerate and thus, an isomorphism. Let ¢; : V — k be the map
defined on basis elements by ¢;(e;) = J;;. Due to surjectivity, there is some f; € V such that ®(f;) = ¢;. The
fi’s must be linearly independent since the ¢;’s are linearly independent as elements of V. This completes
the proof. |

57



Theorem 5.27. Let A be an integrally closed integral domain with field of fractions K, L/ K a separable extension
of degree m and B the integral closure of A in L Then, there are free A-submodules M and M’ of L such that

MCBC M.

Proof. Tt is quite obvious that there is an integral basis for L over K, i.e. a K-basis {B1,..., B} with B; € B
for1 <i<m.Let M= AB1+ -+ ABm C B. Consider the bilinear form (-, -) : L x L — K given by

(x,y) = Tri(xy),

which is a non-degenerate bilinear form and thus admits a dual basis of {p;} with respect to (-, -), say {;}.
Let M' = AB| + - - + AB,,. We shall show that B C M'. For any b € B, there are b;’s such that

b="b1py+ "+ buBy (5.1)
Then,
bi = (b, i) = Trg (bB:) € 4,
since bp; is integral over A and A is integrally closed. This completes the proof. ]

Corollary 5.28. With the above setup, if A is noetherian, then so is B. On the other hand, if A is a PID,
then B is a free A-module.

Theorem 5.29 (Extension Lemma for Rings). Let Q) be an algebraically closed field and B/ A an integral
extension of rings. If o : A — Q) is a ring homomorphism, then it can be extended to o : B — Q.

Proof. Let p = kero, which is a prime ideal and let q be a prime ideal in B lying over p. Due to the First
Isomorphism Theorem, there is an induced map ¢ : A/p — Q). Using the universal property of the fraction
field, there is an induced map ¥ : Q(A/p) — Q. Note that A/p C B/q and thus Q(A/p) C Q(B/q). Now,
using the extension lemma for fields, there is an induced map ¢ : Q(B/q) — Q extending . Composing
this map with the inclusion B/q <+ Q(B/q), we obtainamap ¢ : B/q — Q extending ¢. Finally, composing
this map with the surjection B — B/q, we obtain a map ¢ : B — () extending ¢. This completes the
proof. ]

Lemma 5.30. Let A be a subring of a field K and x € K*. Let ¢ : A — Q be a ring homomorphism into an
algebraically closed field Q. Then ¢ has an extension to a homomorphism of either Alx] or A[x~1] into Q.

Proof. First, let p = ker ¢. As we have seen earlier, we may extend ¢ to a ring homomorphism ¢ : A, — Q.
Hence, we may suppose that A is local with maximal ideal m.
Suppose first that ]

5.3 Noether’s Normalization Lemma

Lemma 5.31. Let k be a field and F € k[Xy,...,X,] a non-constant polynomial. Then there is a k-algebra

automorphism
Q: k[Xl,...,Xn] — k[Xl,...,Xn]

such that ¢(X,) = X, and
(/)(F) = QXZ +fd_1X,‘f_1 +--+ AXu+ fo
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where f; € k[Xq,..., Xyq]for1 <i<d-—1

Proof. We shall pick an automorphism of the form ¢(X;) = X; + X;! for some positive integer t; for each
1 <i < n—1. We shall choose these t;’s at the end of the proof.

First, note that for 1 < i < n—1, ¢(X; — X}i) = X; whence ¢ is a surjection. Since k[X1, ..., X,] is a
noethering, @isan isomorphism.

Let A C IN" be a finite subset such that

F=)Y aXx*
aEN

where a, € k* for each « € A. Foreach a € A, define w(a) = t1aq + -+« + by 10,1 + &y
Choose a positive integer N greater than

max max «;
aeN 1<i<n

and sett; = N’ for 1 <i < n — 1. Itis not hard to see that all the w(a)’s are distinct.

We have
n—1
o(6) = T (o TToxoxire) e

xEA i=1
and since the w(a)’s are distinct, there is a unique term in the above expansion that contributes to the term
with maximum exponent of X;,, whence the coefficient of this term is a constant in K*. This completes the
proof. [ ]

Theorem 5.32 (Noether Normalization). Let k be a field and A a finitely generated k-algebra. Then, there
arezy,...,zm € A such that

(a) z1,...,2zm are algebraically independent over k”. That is, the evaluation map
ev:k[Xy, ..., Xm] > k[z1,...,2Zm]
from the ring of polynomials in m variables over k is an isomorphism.

(b) Ais integral over k|z1, ..., Zm].

“m = 0 is permitted

Proof. We shall prove this statement by induction on the cardinality # of the smallest generating set of A as
a k-algebra. The base case with n = 0 is trivial. Since A is a finitely generated k-algebra, there is a surjective
ring homomomrphism

7T . k[X],...,Xn] — A.

Choose a non-constant polynomial G € ker 71. Due to Lemma 5.31, there is an automorphism ¢ of k[ X3, . .., Xj,]
which sends G to a polynomial F of the form

aXd 4+ fa 1 X8+ X+ fo

where a € k*. We now have the following sequence of ring homomorphisms

-1
K[X1, .. Xa] L5 kX, .., Xa] =5 A

with F € ker(rro ¢71). Let x; = (o ¢~ 1)(X;), then, F(xy,...,x,) = 0. That is,
g+ a faa (e x )X a T fo(xo, e x01) =0,
and thus, x;, is algebraic over B = k[xy,...,x,_1]. Due to the induction hypothesis, there are algebraically
independent z1, ...,z € B such that B is integral over k[zy, ..., zn].
We have shown that x,, is integral over B and thus B C A is an integral extension whence k[z1, ..., z;]| C
A is an integral extension. This completes the proof. ]
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5.3.1 Stronger NNL

Theorem 5.33. Let A be a finitely generated k-algebra and let ay C - - - C ay, be an increasing chain of ideals in
A, with ay # (1). Then, there is an integer n > 0 and algebraically independent x, ..., x, € A, such that

(a) Ais integral over B = k[x1, ..., xy]

(b) foreach 1 <i < p, there is an integer h(i) > 0 such that a; N B is generated by (x1, ..., Xp(;))-

Proof. Note that it suffices to prove the theorem when A is a polynomial algebra Al = k[Yl, el Ym], for we
can write A as a quotient of such a polynomial algebra and replace each q; by its preimage in A’, say a!. If
{x},...,x),} are in A’ satisfying the statement of the theorem, then the images {x1,...,x,} in A satisfy the
statement of the theorem for A. Henceforth, we suppose that A = k[Y3, ..., Yy,] and argue by induction on

p-
Suppose p = 1. [ |

5.3.2 Various Forms of the Nullstellensatz

Lemma 5.34 (Zariski’s Lemma). Let K/k be an extension of fields such that K is a finitely generated k-algebra.
Then, K/k is a finite extension.

Proof. According to Theorem 5.32, there are z1, ..., z, € K such that K is integral over k[zy, ..., zy], which
is an integral domain whence a field due to Proposition 5.10. We note that m may not be positive since a
polynomial ring can never be a field. Hence, K/k is algebraic and since K is a finitely generated k-algebra,
the extension K/k must be finite. [ ]

Theorem 5.35 (Hilbert’s Nullstellensatz, Weak Form 1). Let k be an algebraically closed field. Then, any
maximal ideal in k[xq,...,xy] is of the form (x1 — a1, ..., Xy — ay).

Proof. It suffices to show the converse. Let m be a maximal ideal in k[x3, ..., x,]. We now have a commuta-
tive diagram

K k[x1, ..., xn]
R iﬂ
k[x1,...,x]/m =K

where ¢ := oL
The map ¢ gives K the structure of a finitely generated k-algebra and thus ¢ is surjective (since k is
algebraically closed). Let 7r(x;) = a; for 1 < i < n. Due to the surjectivity of ¢, for each g;, there is some
a; € k with ¢(a}) = a; whence 7(x; —a}) = 0and
(x1—ay, ..., xp —a,) Cm.

But since the former is a maximal ideal, we must have equality. u

Theorem 5.36 (Hilbert's Nullstellensatz, Weak Form 2). Let k be an algebraically closed field and S C k".
Then, I(S) = (1) ifand only if S = @.

Proof. (= )If S # @, thenleta = (ay,...,a,) beapointin S. Then, I(S) C m; = (x1 —ay,..., Xy — ay).
(<= ) IfI(S) # (1), then it is contained in some maximal ideal m = m, for some a € k", whence a € S.
This completes the proof. u
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Theorem 5.37 (Hilbert’s Nullstellensatz, Strong Form). Let a C k[x1, ..., x,] be an ideal. Then,

I(V(a)) = Va

The following proof is due to Rabinowitsch.

Proof. First, note that the inclusion /a C I(V(a)) is obvious for if f € /a, then there is a positive integer r
such that f” € a whence f" vanishes at all points in V(a) and thus f" € I(V(a)).

We shall now prove the other inclusion. Since a is finitely generated, let fi, ..., f;; be a set of generators
foraand let f € I(V(a)). Consider now the ring B = k[xg, x1, . .., x,] which contains A = k[xy,...,x,] asa
subring and treat all polynomials as elements of B. The polynomials

fireeor fm 1 —x0f

do not have any common zeros. Let b C B denote the ideal generated by these polynomials. Due to
Theorem 5.36 and the fact that the polynomials have no common zeros, we must have b = B. Consequently,
there are polynomials gy, ..., gn € k[x1, ..., Xx,] such that

1=go(1—x0f) +g1fi+-+8gmfm

Consider now the evaluation map ev : B — k(x1,...,x,;) which maps xo — 1/f and x; — x; for
1 < i < n. Itis not hard to see that this is a ring homomorphism. Under this map, the above equality
transforms to

1=a/f,x1,...,xn)fi(x1, .., x0) + -+ 8m(X/ f,x1, .o, %0) fn (X1, -« o, X ).

Since all the g;’s and f;’s are polynomials, we may clear out the denominators by multiplying with a suitable
power of f, say fN. Then, we have

fN = hl(x1/~--/x1’l)f1 + - '+hm(x11--~rxn)fm

whereby fN € a for some positive integer N and equivalently, f € v/a. This completes the proof. ]

Lemma 5.38. Let A C C C B be an extension of rings such that C is the integral closure of A in B. Suppose
f,g € B[x] such that fg € C[x]. Then, f,g € C[x].

Proof. We first begin with an auxiliary result.
Claim. There is a ring D containing B in which f(x) splits into linear factors.
Proof. It suffices to show that there is a ring D in which f(x) has a root. Let R denote the ring B[T]/(f(T)).
This comes equipped with a natural injection B — R and hence, we may suppose that B C R. Note that
T € Risaroot of f(x) which proves the claim. O

Using the above claim, let D be a ring containing B in which both f and g split. Let

fe)=TIx—a)  gx)=TTkx-8).

Then, each «;, B is a root of fg € C[x], whence is integral over C. Since integral elements form a ring, the
coefficients of f and g, being polynomials in the &;’s and ;s respectively, are integral over C and lie in B,
hence, they lie in C. This completes the proof. |

Theorem 5.39. Let A C C C B be an extension of rings such that C is the integral closure of A in B. Then,
Clx] is the integral closure of A[x] in B[x].
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Proof. First, we shall show that the integral closure of A[x] in B[x] is contained in C[x]. Suppose f(x) € B[x]
is integral over A[x]. Then,

fr4gmaf 40 =0
for some g; € A[x]. Let r be a positive integer greater than the degree of each g; and f. Let f1(x) =
f(x) —x" € Alx]. Then,
(it X"+ gmoa(f )" 4+ 480 =0,

which is a monic polynomial in x. Expanding it out, we have an equation of the form
Tt i 4+ g =0,
for some h; € A[x]. Note that f; is a monic polynomial and thus, so is
M By fPE ey

Using the preceeding lemma, we see that f; € C[x], whence f € Clx].

We must now show the converse. Let f(x) € C[x] where f(x) = c¢ux™ + -+ +co. Then, f(x) C
Alx][co, ..., cm], which is a finitely generated A[x]-module (since A[cy,...,cm] is a finitely generated A-
module), whence f(x) is integral over A[x]. This completes the proof. [ ]

5.4 Jacobson Rings

Theorem 5.40. The following are equivalent:
(a) Every prime ideal in A is an intersection of maximal ideals.
(b) In every homomorphic image of A, the nilradical is equal to the Jacobson radical.

(c) Every prime ideal in A which is not maximal is equal to the intersection of the prime ideals strictly
containing it.

Proof. (a) = (b) Any homomorphic image of A can be treated as A/a where ais anidealin A. If a = A,
then there is nothing to prove. Suppose now that a is a proper ideal. Note that )3(A/a) is the intersection
of all maximal ideals in A/a, which is the image of the intersection of all maximal ideals containing a in
A, due to the ideal correspondence. But the intersection of all maximal ideals containing a is the same as
the intersection of all prime ideals containing a which is the contraction of the nilradical of A/a. Thus,
MN(A/a) =R(A/a).

(b) = (c) Let p be a prime ideal in A. Then, ,/p is the intersection of all maximal ideals containing it
whence p is the intersection of all prime ideals strictly containing it.

(¢) = (a) Suppose there is a prime ideal p in A which is not an intersection of maximal ideals.

Consider some
fep\ ﬂ m.

m2p

The poset ¥ = {a <A | f ¢ a} is nonempty (since it contains p) and has a maximal element, say g,
which is also prime. Due to maximality, any prime containing q must contain f and hence, q cannot be the
intersection of the primes strictly containing it. |

Definition 5.41 (Jacobson Ring). The ring A is said to be Jacobson if it satisfies the equivalent conditions
of Theorem 5.40.
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Chapter 6

Noetherian and Artinian Rings and
Modules

6.1 Chain Conditions

A totally ordered sequence {x,}:° ; in the poset (¥, <) is said to be stationary if there is an index n such that
Xp = Xpg1 =+ - -.

Definition 6.1. An A-module M is said to be noetherian or equivalently said to satisfy the ascending
chain condition if every chain in the poset of submodules of M ordered by C is stationary.

Similarly, M is said to be artinian equivalently said to satisfy the descending chain condition if every
chain in the poset of submodules of M ordered by O is stationary.

A ring A is said to be noetherian (resp. artinian) if it is noetherian (resp. artinian) as an A-module.

Proposition 6.2. Let (¥, <) be a poset. Then, the following are equivalent:
(a) Every chain in X is stationary.

(b) Every subset of 2. has a maximal element.

The proof is omitted owing to its triviality.

Lemma 6.3. An A-module M is noetherian if and only if every submodule is finitely generated.

Proof. |

Corollary 6.4. A ring A is noetherian if and only if every ideal is finitely generated.

Corollary 6.5. Every submoule of a noetherian A-module is noetherian.
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Proposition 6.6. M is a noetherian (resp. artinian) A-module if and only if it is a noetherian (resp. artinian)
A/ Ann 4 (M)-module.

Proof. Since the poset of A/ Anny(M)-submodules of M is the same as the poset of A-submodules of M,
the conclusion follows. [ |

Lemma 6.7 (2/3-lemma). Consider the short exact sequence 0 — M’ — M — M" — 0. Then M is noetherian
(resp. artinian) if and only if both M" and M" are noetherian (resp. artinian).

Proof. u

n
Corollary 6.8. Let {M;}" ; be A-modules. Then, @ M; is noetherian (resp. artinian) if and only if each
i=1
M,; is noetherian (resp. artinian).

Proof. The forward direction is obvious. For the converse, induct on 7 using the short exact sequence:

n n—1
0— M, —PM—EPM—0
i=1 i=1

Proposition 6.9. If A is a noethering (resp. artinian ring), then so is A/ a for any ideal a in A.

Proof. A/a is a noetherian (resp. artinian) A-module and thus a noetherian (resp. artinian) A/a-module.
|

Proposition 6.10. Let A be a noetherian (resp. artinian) ring and M a finitely generated A-module. Then, M
is noetherian (resp. artinian).

Proof. Let {my,...,m,} be a set of generators of M. Then, there is a surjection A" — M given by
(ay,...,ay) — agmy + - - - + aymy,.

Since A" is a noetherian (resp. artinian) A-module, so is M. n

Proposition 6.11. Let M be an A-module and ¢ € End 4 (M).
(a) If M is noetherian and ¢ is surjective, then ¢ is injective.

(b) If M is artinian and ¢ is injective, then ¢ is surjective.

Proof.  (a) Consider the ascending chain of submodules
ker¢ C kergb2 cC...

Since M is noetherian, there is an index n such that ker ¢" = ker¢"*!. Let x € ker¢". Due to the
surjectivity of ¢, there is y € M such that ¢(y) = x, whence ¢"*1(y) = 0 and y € ker¢"*! = ker ¢".
Therefore, ker ¢" = 0 and ¢ is injective.
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(b) Consider the descending chain of submodules
im¢ Dim¢* D ---

Since M is artinian, there is an index n such that im ¢" = im ¢"*!. Then, for every x € M, there is
y € M such that ¢"(x) = ¢"+1(y), whence x = ¢(y), this establishes surjectivity.
|

Lemma 6.12. “Noetherian-ness” is not a local property.

Proof. Let A =1, x Fp x --- and p € Spec(A). Note that every element in A is an idempotent. Therefore,
every element in Ay, is also an idempotent. Consequently, for all x € Ay, x(1 — x) = 0. Note that either x or
1 — x must be a unitlest 1 = x 4+ (1 — x) be a non-unit. Thus, either x = 0 or 1 — x = 0, equivalently, x = 1.
Thus, Ap = F,. u

Remark 6.1.1. Instead of choosing A = IFy X [Fy x - - -, any product of fields works but the proof in the general case
requires a bit more machinery. Indeed, if A is an infinite product of fields, then A is absolutely flat, consequently,
every localization of A at a prime ideal is a local absolutely flat ring, whence a field, which is noetherian.

6.2 Length of Modules

Lemma 6.13. Supose there is a sequence of maximal ideals my, ..., my, in A such that (0) = mq ---my,. Then,
A is a noethering if and only if it is artinian.

Proof. Suppose A is noetherian. We have the chain of ideals

Note that each factor m; - - -m;_1/my - - - m; is a noetherian A-module and thus a noetherian k; = A/m;-
module and thus a k;-vector space satisfying a.c.c whence it satisfies d.c.c and is an artinian A/m;-module
whence an artinian A-module. We now have a short exact sequence

0—mg---my *>m1~~-ml~*>m1~~-mi+1/m1~'m,-—>0

Inducting downwards from my - - - m,; = (0) (which s clearly artinian) with the repeated usage of Lemma 6.7,
we are done. u

Lemma 6.14 (Fitting). Let R be any ring and M a finite-length module. If f € Endgr(M), then for any
sufficiently large n, M = im(f") @ ker(f").

Proof. We have the sequences
im(f) 2im(f?) 2 -+ ker(f) C ker(f?) C ---

Hence, for sufficiently large 1, ker(f") = ker(f"*!) = --- and im(f") = im(f"*!) = ... Choose any
x € M. Then, there is some y € M such that f"(x) = f?"(y), consequently, x — f"(y) € ker(f"), whence
M = ker(f") +im(f").

On the other hand, if x € ker(f") Nim(f"), then there is some y € M such that f"(y) = x. Consequently,
f2*(y) = 0, whence y € ker(f*") = ker(f"), thus, x = f"(y) = 0. This shows that M = ker(f") @
im(f"). ]
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6.3 Noetherian Rings

Recall that A is a noetherian ring if it is a noetherian A-module. One must take note that a noethering need
not have finite Krull dimension' on the other hand, it is not even true that local rings with dimension zero
are noetherian. In particular, consider the ring R = k[xy, xp,...]/(x1, x%, ...). Obviously A is not noetherian,
owing to the strictly increasing sequence of ideals (¥7) € (¥1,%2) € - - -. Now, let p be a prime ideal in R.
Then, the preimage of p under the natural projection, say p is a prime ideal containing (x,x3,...) and thus
contains its radical, (x1, x, . ..). Since the latter is a maximal ideal, so is p and hence so is p. This establishes
that dim A = 0. Finally, to see that this ring is local, use a similar argument as before to conclude that the

preimage of any maximal ideal is the ideal (x1, x2,...).

Lemma 6.15. If A is Noetherian and ¢ : A — B is a surjective ring homomorphism, then B is also Noetherian.

Proof. Since B = A/ ker ¢, the conclusion follows. n

Proposition 6.16. If A is a noethering and S C A is a multiplicative subset, then S~ A is a noethering.

Proof. Recall that every ideal in S~! A is finitely generated. Let I C S™!A be an ideal then there is a C A
an ideal such that S~a = I. Since A is noetherian, a is generated by a finite set {x1,...,x,}, whereby I is
generated by the set {x1/1,...,x,/1}. This completes the proof. ]

But recall, as we have seen earlier, that being a noethering is not a local property, a counterexample to
which is an infinite product of fields.

Lemma 6.17. if A is a noethering and a C A is an ideal, then there is a positive integer n such that (v/a)" C a.

Proof. Let /a = {x1,...,x,}. Then, for eachindex 1 < i < n, there is a positive integer m; such that x;"i € a.
Let N =Y ; n;. Then,

" N
(V)N = (X;(xi))

since multiplication of ideal distributes over multiplication, every element in the above expansion would
be of the form (x1)" - - - (x,)"™ with } ; r; = N. But since (x;)" € a, we have the desired conclusion. W

Theorem 6.18 (Hilbert Basis Theorem). If A is Noetherian, then so is A[x].

Note that the converse is also true since A = A[x]/(x). The following proof is due to Sarges.

Proof. We shall show that every ideal in A[x] is finitely generated. Suppose not and let I C A[x] be an
ideal that is not finitely generated. Choose f; € I with minimum degree. Now, inductively, choose
frs1 € I\N(fi,..., fr) with the minimum degree. Obviously, this process goes on indefinitely, since we
have assumed I to not be finitely generated. We now have

fi = a1x™ + lower degree terms

fo = ayx® 4 lower degree terms

fu = anx® + lower degree terms

1Nagata is to blame for this monster
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withdy <dy < ---. We also have the following ascending chain of ideals in A,

(a1) C (a1,a2) C -~
Therefore, there is n € IN such that (ay,...,a,) = (a1,...,as,a,+1). Consequently, we may write 4,1 as a
linear combination of a4, ..., a,, say
Apy1 = blal + -+ bya,
for some by,...,b, € A. Let
g = fus1— (blxd;ﬁrl*dlfl N bnxd”“*d”fn)

It is not hard to argue that g € I\(f,..., fu), but degg < deg f,,+1, a contradiction. This completes the
proof. |

An analogous theorem, with an analogous proof is true wherein A[x] is replaced by A[x].

Corollary 6.19. For a field k, the polynomial ring k[x1, . . ., x,] in finitely many indeterminates is noethe-
rian.

Corollary 6.20. If A is a noethering, then every A-algebra of finite type is a noethering.

If A C B is aring extension with both A and B noetherian, it is not necessary that B is an A-algebra of
finite type. Indeed, consider Q/Q an extension of fields.

On the other hand, even if B is an A-algebra of finite type and noetherian, it is not necessary for A to be
noetherian. Indeed, consider the ring inclusion

k[xy, xy?,...] € k[x,y]
The former is not noetherian owing to the chain of ideals
(xy) & (xy,xy?) © -

while the latter obviously is noetherian.

Proposition 6.21. Let A be a noethering. Every finitely generated A-module is noetherian.

Proof. Let M be generated by {x1,...,x,} C M. Since A is a noetherian A-module, so is A®". There is a
surjection ¢ : A®" — M which maps the i-th basis element to x;. Thus, M is noetherian. |

Proposition 6.22. Let M be a noetherian A-module. Then, A/ Anny (M) is a noethering.

Proof. Since M is noetherian, itis finitely generated. Let {m;, ..., m, } be a set of generators. Then, Ann (M) =

n

() Annypg(m;). Consider the map ¢ : A — M" given by ¢(a) = (amy,...,am,). Note that ker¢ =
i=1

Ann, (M). Thus, we have a short exact sequence

0— A/ Anny(M) — A — ¢(A) — 0.

Consequently, A/ Anny (M) is a noetherian A-module and thus a noetherian A/ Ann 4 (M)-module, whence
a noethering. [

An analogous result does not hold for Artinian modules (rings). Consider the module M = u[p*] for
some prime p as an abelian group. This is an artinian module but not noetherian as we have seen earlier. It
is not hard to see that Annz (M) = (0) whence Z/ Annz(M) = Z which is not artinian, as we have seen
earlier.
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Lemma 6.23 (Artin-Tate Lemma). Let A C B C C be rings with A noetherian, and C an A-algebra of finite
type. If either

(a) Cis a finite B-algebra®, or
(b) C is integral over B,
then B is an A-algebra of finite type.

“Recall that this is the same as being finitely generated as a B-module

Proof. Note that (a) <= (b) due to Theorem 5.2. We shall show that () implies the desired conclusion.
Since C is an A-algebra of finite type, say it is generated by {x1, ..., x,} as an A-algebra. Similarly, since it is
a finite B-algebra, it is finitely generated as a B-module, say by {y1, ..., ym }. Therefore, there are coefficients
bij and bjj in B such that

m
x;i =) iy
j=1
m
Yiyj = kzi bijkYk-

Let By = A[{bjj} U {bijx }] C B. Since A is noetherian, and By is an A-algebra of finite type, it is a noethering.
Now, since C is a finite type A-algebra, every element of C is a polynomial in the x;’s with coefficients

in A. Using the first set of relations, it is a polynomial in the y;’s with coefficients in By. Using the second
set of relations, it is a linear combination of the y;’s with coefficients in By, whereby C is a finite By-algebra.
Since C is a finitely generated By-module it is noetherian and thus B, being a By-submodule, is a finitely
generated By-module and consequently, a By-algebra of finite type. Thus, B is an A-algebra of finite type.
]

Corollary 6.24 (Noether). Let A be a noethering and R an A-algebra (commutative) of finite type and
G a finite group of A-algebra automorphisms of R. Let

RC:={reR|g-r=r VYgeG}

Then, R is a finitely generated A-algebra, in particular, is a noethering.

Proof. That RC is indeed an A-algebra is easy to see. Further, it is well known that R/R® is an integral
extension. But since R is integral over R® and is also a finitely generated RC-algebra, due to Proposition 5.5,
R is a finitely generated R®-module. Finally from Lemma 6.23, R® is an A-algebra of finite type. ]

Lemma 6.25 (Cohen). A is a noethering if and only if every prime ideal in A is finitely generated.

Proof. We shall prove the converse. Let X be the poset of proper ideals that are not finitely generated,
which we suppose is nonempty. If ¢’ is a chain in X, then I = |J,c« a may not be finitely generated for if it
were, then there is a set of generators {ry,...,r,} and thus there would exist a € ¥ containing {rq,...,7,}
whereby equal to I, contradiction. Hence, I is an upper bound for ¢ and due to Zorn’s Lemma, there is a
maximal element p € X.

Since p may not be prime, there are x,y ¢ p such that xy € p. Consider p + (x). This strictly contains p
and therefore, is finitely generated. The generators of p + (x) are of the form p; 4+ a;x for 1 < i < n for some
positive integer 7.
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Consider the ideal (p : x). This contains p + (y) which strictly contains p an thus, is finitely generated.
Say (p : x) = (x1,...,xn) for some positive integer m. Leta = (p1,..., Pn, XX1,...,XXy). We contend that
a=p.

Obviously, a C p. On the other hand, for any p € p, there is a representation

p+x=bp1+--+bupn+cx

for some by,...,by,c € A, consequently, p € a. Thus, a = p, which is a contradiction to the choice of p.
Hence, X is empty and A is a noethering. |

Proposition 6.26. A nonzero ideal in a noethering contains a product of prime ideals.

Proof. Suppose not. Let X be the set of all ideals which do not contain a product of prime ideals. According
to our assumption, ¥ is non-empty and thus contains a maximal element?, say a. Since a € %, it cannot be
prime, thus, there are x,y ¢ a with xy € a. Since a + (x) and a + (y) strictly contain a, they are not in X
whence there are prime ideals py,...,p, and qy, .. ., q; such that

procpn Cat () aran Sat(y)

and thus
pro--padr--dm C (a+ (1)) (a+ (y) = a® +a((x) + (y) + (xy) Ca

a contradiction. [ |

Lemma 6.27. Let A be a noethering and a C A an ideal. Suppose b € ;. a”. Then a = ba.

Proof. Let a be generated by ay,...,a;. Let n be a positive integer. Since b € a”, there is a homogeneous
polynomial Py, (x1,...,x;) € Alxy,...,xi] of degree n such that P, (ay, ..., ax) = b. Consider now the chain
of ideals

(P1) € (P, Pp) C---

Then there is a positive integer N such that (Py,...,Py) = (Py,...,Py+1). Consequently, there are polyno-
mials Q1, ..., Qn in Alxy, ..., xi] such that

Py = Q1P+ +QnPNn

Since Py 41 is a homogeneous polynomial of degree N + 1, we may choose each Q; to be homogeneous of
degree N +1 —i > 0 (one can do this by just dropping all the terms which are not of degree N + 1 — 7).
Consequently, for each 1 <i < N, Q;(ay,...,ax) € a whence

n
b= PN+1(LI1, ce. ,ak) =b 2 Qi(ﬂl, .. .,ak) € ba
i=1
This completes the proof. n
Corollary 6.28. Let A be a noethering and a C A an ideal. Then _; a”* = 0if

(@) a € R(A), the Jacobson radical.”

(b) A is a domain and a is a proper ideal.

“When A is a local noethering and a = m, this result is known as Krull’s Intersection Theorem.

2This does not require Zorn, since we are in a noethering

69



Proof. (a) Letb € N);_; a". Then, ba = (b) whence there is some x € a such that bx = b or equivalently,
b(1—x) =0. Since x € :R(A), 1 — x is invertible and b = 0.

(b) Using a similar argument as above, if bx = b then either b = 0 or x = 1. Since a is a proper ideal, we
must have b = 0.
n

6.3.1 Primary Decomposition

Definition 6.29 (Irreducible). An ideal a C A is said to be irreducible if for all ideals b,c C A,

a=bNc=a=bora=c¢

Lemma 6.30. Inn a noethering, every ideal can be expressed as a finite intersection of irreducible ideals.

Proof. Let X be the poset of ideals that cannot be expressed as a finite intersection of irreducible ideals in
A. Suppose X is nonempty, then every chain in X is finite (owing to noetherian-ness) whence has an upper
bound, thus X has a maximal element (Zorn’s Lemma), say a. Note that a cannot be irreducible, therefore,
there are ideals b, ¢ properly containing a such that a = b N ¢. Due to the maximality of a, both b and ¢ can
be expressed as a finite intersection of irreducible ideals in A, as a result, so can a, a contradiction. Thus %
must be empty and the proof is complete. |

Lemma 6.31. Every irreducible ideal in a noethering is primary.

Proof. Let q C A be an irreducible ideal. We shall show that (0) is primary in A/q, which is equivalent to g
being primary. Let x,y € A/q such that xy = 0. If x # 0, then consider the chain

Ann(y) C Ann(y%) C -+

Since A/q is a noethering, there is a positive integer  such that Ann(y") = Ann(y"*!). We contend that
(x) N (y") = 0. Indeed, if z € (x) N (y"), then there are u,v € A/q such that z = ux = vy". Then,

oy = zy =uxy =0

whence v € Ann(y"*!) = Ann(y"), whereby z = 0. But since (0) is irreducible and x # 0, we must have
y" = 0 and (0) is primary. This completes the proof. |

Corollary 6.32. A noethering has finitely many minimal prime ideals.

Proof. Since A is noetherian, the ideal (0) has a primary decomposition and the minimal primes belonging
to (0) are precisely the minimal primes in A and thus are finite. |

Alternate Proof to Proposition 6.26. Let a C A be a nonzero ideal. Then, it has a primary decomposition,

whereby \/a can be written as an intersection of prime ideals, say p; N --- N p,. We have py---py C p1 N
-+ - Mpy since the product of ideals is contained in their intersection. Finally, since every ideal in a noethering
contains a power of its radical, there is a positive integer m such that

(pr---pn)" CVa" Ca
This completes the proof. |
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Lemma 6.33. Let A be a noetherian domain with dim A = 1. Then every nonzero ideal in A can be uniquely
expressed as a product of primary ideals whose radicals are distinct.

Proof. Let a C A be a nonzero ideal. This has a primary decomposition with the associated primes being
maximal and thus comaximal. Thus, the primary ideals in the decomposition are also comaximal. From
Theorem 1.3, we have that a is in fact the product of the aforementioned primary ideals.

On the other hand, suppose a = q; - - - g, where p; = ,/q; are distinct. Since dim A = 1, the ideals
p; are maximal whence q; are comaximal. Invoking Theorem 1.3, we see that a = (\i_; q; is a primary
decomposition. Further, since p; are also the minimal primes associated with a, due to Theorem 4.12, the
q;’s are unique. [ |

Theorem 6.34 (Krull’s Intersection Theorem). Let A be a noetherian ring and a < A an ideal. Set

o
I
DL
a
':

3
Il
—_

Then, ab = b.

Proof. Since a is a proper ideal, so is b and ab. Hence, it admits a primary decomposition
ab=q1N---Nqy.

We contend that b C q; for every 1 < i < n. Suppose not, then there is some index i and b; € b\ q;. Note that
bja C ab C g; and hence, a C p;. Now, there is a positive integer > 0 such that p; C q; whence, a" C g;,
consequently, b C g;, a contradiction. This completes the proof. |

There’s an analogue of the above theorem for modules as well.

Theorem 6.35 (Krull’s Intersection Theorem). Let A be a noethering, M a finitely generated A-module and
a < A an ideal. Set

[ee]
N=(]d'M.
n=1
Then, aN = N.

Proof. If a = (1) or N = M, there is nothing to prove. Now suppose N C M, then, it admits a primary
decomposition

N=Qin--NQ

where each Q; is p;-primary and hence, p; = \/Ann,(M/Q;). We contend that N is contained in every Q;.
Suppose not, then there is an index i and x € N\ Q;. Notet hat ax is a submodule of aN which is contained
in Q;. But since x is not contained in Q;, we must have a C p;. As a result, there is a positive integer r > 0
such that a” € Anny(M/Q;). Hence, N C £, a contradiction. This completes the proof. |

Corollary 6.36. With the notation of the above result,

N={xeM|3Ja€ca (1+a)x=0}.
6.3.2 Nagata’s Monster
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Lemma 6.37. Let A be a ring such that
(a) for each maximal ideal m, Ay, is noetherian.
(b) every x € A\{0} has finitely many maximal ideals containing it.

Then, A is noetherian.

Proof. Let (0) # a < A be a proper ideal. We shall show that a is a finitely generated ideal. Let my, ..., m, be
the maximal ideals containing a, which are finite in number since a is nonzero. Pick some nonzero xg € a
and let my, ..., my, ..., my4s be the maximal ideals containing x.

Foreach1 < j <s, thereis xj € a\mrﬂ-. Now, for each 1 <i <7, aAn, is a finitely generated ideal and
is generated by the images of some xgl), e x,(zzi).

Let ap € a denote the ideal in A generated by

{xo} Ufxs,...,x}u {2y
i=1

Let m be a maximal ideal in A. If xg € m, then the extensions of both ap and a are equal to Ay,. Now suppose
xg € m. Thus, m € {mq,..., myp5}. Ifm = my for some j, then X; ¢ m but Xj € ag whence the extensions
of both ag and a are Ay,. Finally, if m = m; for some 1 < i < r, then both ay and a extend to aAy,, since
the former contains xgl), s, x,(fi). Thus, the inclusion ag < a is a surjection, due to Proposition 3.13. This
completes the proof. [ |

Theorem 6.38. Let k be a field and A = k[x1,xy,...], the polynomial ring over k in countably many indeter-
minates. Let {m;}%° | denote an increasing sequence such that m;1 — m; > m; — m;_q for all i > 1. Finally,
let p; = (Xp+1,- -, Xmy,,) and S denote A\U2, p;. Then, R = S~YA is a noethering with infinite Krull
dimension.

The proof of the above theorem relies on the following claims.
Claim 1 (Prime Avoidance). If a I A is contained in ({2 p;, then a C p; for some i.

Proof. Foreach f € A, let
$(f)={ieN|[fepi,

which is finite. Pick some f € a. If there isno g € a with S(f) N S(g) = &, then, ais contained in Ujcs(f) Pis
and we are done due to Proposition 1.9.
On the other hand, suppose there is some g € a such that S(f) N S(g) = @. Obviously, neither S(f) or

5(g) can be empty. Choose some r € S(g) and let d = deg f. We shall show that S(f + xt,f;r}rlg) =0o.

First, note that S(g) = S(xfnf}rl g). Further, a polynomial in A is contained in p; if and only if each

monomial in the aforementioned polynomial is contained in p;. Next, suppose h = f + xfnfil g € p;. Then,

d+1

we must have all the monomials in / to lie in p;, consequently, both f and x} ",

g must lie in p;. That is,

LeS(f)n S(xz;ilg) = @, a contradiction.
Hence, it can never be the case that S(f) N S(g) = @. This completes the proof. "]

Claim 2. The primes in R are precisely the S~ 1p;’s.

Proof. Let f/s € R\S™1p;. We shall show that its image in R/S~!p; is a unit. First, note that it suffices to
show that the image of f in R/S ~lp, is a unit. Since f ¢ S~!p;, it has at least one monomial not in p;. We
may suppose that all the monomials in f are not in p;. Consider f + x;,, 11, whose image in R/S ~Ip; is the
same that of f. But f + x,,, 11 € S and thus is a unit. This proves the claim. |
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Proof of Theorem 6.38. Note that Rg-1, = Ay, which is noetherian, further, every element in S ~1Ais con-

tained in finitely many of the S~!p;’s whence, due to Lemma 6.37, R is noetherian. Finally, note that the
height of S~1p; is at least ;1 — m;, consequently, dim R = co. This completes the proof. |

6.3.3 Eakin-Nagata Theorem

Lemma 6.39 (Formanek). Let M be a finitely generated faithful A-module such that the poset
{aM | ais an ideal in A}

has the ascending chain condition. Then, A is a noethering.

Proof. Suppose not. Consider the poset
L = {a <A | M/aM is not a noetherian A-module}.

This is non-empty and hence, contains a maximal element, say ag. Let M' = M/agMand A’ = A/ Anny (M').
Then, M’ is a non-noetherian faithful A’-module. Further, if b < A’ is a non-zero ideal, then M’ /bM’ is iso-
morphic to M/a’M where o strictly contains ag and hence, is a noetherian A-module, consequently, a
noetherian A’-module.
Consider the poset
I['={N < M| M'/N is a faithful A’-module}.

Note that N € T if and only if for all 2 € A’\{0}, aM’ € N. It is now easy to see that every chain in T’
admits an upper bound in I and hence, I contains a maximal element, say Ny < M'. Let M" = M’/ Nj.

First, note that M cannot be noetherian since this would force A’ to be a noethering, which, in turn
would force A to be a noethering. Hence, there is a (non-zero) submodule N of M” that is not finitely
generated as an A’-module. The module M”/N is isomorphic to M’/ N’ where N’ is a submodule of M’
that strictly contains Ny and hence, M’ /N is not a faithful A’-module. That is, there is ana € A"\ {0} such
that aM” C N. Note that M"” /aM" is isomorphic to M’ /aM’, which must be a noetherian A’-module due
to our construction of M'.

Hence, N/aM", being a submodule of M"/aM" is a noetherian A’-module, in particular, it is finitely
generated. Finally, since aM" is a finitely generated A’-module, we must have that N is a finitely generated
A’-module, a contradiction. [ |

Theorem 6.40 (Eakin-Nagata). Let A C B be an extension of rings such that B is a noethering and a finitely
generated A-module. Then, A is a noethering.

Proof. Follows from Lemma 6.39 by taking M = B. |
6.4 Artinian Rings
Recall that A is artinian if it is an artinian module over itself.

Proposition 6.41. Let A be an artinian ring. Then A has finitely many maximal ideals.

Proof. Suppose not. Then, we have a sequence {m;}?°, of pairwise distinct maximal ideals. Consider the
sequence of ideals {my - - -m,, }° ;. We contend that the inclusion m; - - - m,_1 2 my - - - my, is strict. Indeed,
foralll < i < n-—1,pick x; € mj\my. Then, x1---x,_1 ¢ my, since A\m, is a multiplicatively closed
subset. Thus, x1 - - - x,_1 € my - - -m,_1\myq - - - m,,. This is a contradiction to A being artinian. |
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Proposition 6.42. Let A be an artinian ring. Then every prime ideal in A is maximal.

Proof. Let p be a prime ideal in A. Then A’ = A/p is an Artinian integral domain. We shall show that this
is a field, for which it suffices to show that every element is invertible. Choose x’ € A’ and let¢ : A’ — A’
be the A’-module homomorphism that maps 2 — x’a. Since A’ is an integral domain, this map is injective
and since A’ is artinian, it is also an isomorphism. Consequently, there is some y’ € A’ such that x'y’ =1
and the conclusion follows. u

Corollary 6.43. Let A be an artinian ring. Then 91(A) = R(A).

Lemma 6.44. Let A be an artinian ring. Then M(A) is nilpotent.

Proof. We shall denote 91(A) by 91 for the sake of brevity. Consider the decreasing chain
NON2D---

Then there is an index 7 such that a = N" = N1 = ... Suppose for the sake of contradiction that a # 0.
Let X be the set of ideals b such that ab # 0. Obviously X is empty since it contains a. Since A is artinian, &
has a minimal element ¢>.

We contend that ¢ is principal. Indeed, there is an element x € ¢ such that xa # 0. Thus, (x)a # 0.
Owing to the minimality of ¢, we must have ¢ = (x).

Consider now the ideal (x)a. This is a subset of (x) and

((x)a)a* = (x)a*! = (x)a #0

whence (x)a € X and again, owing to the minimality of (x) = ¢, we have (x)a = (x). Hence, there is some
y € asuch that xy = x. We now have
x:xy:xyzz...

Since y € a C M, itis nilpotent, whence x = 0, a contradiction. Thus a = 0 and this completes the proof. W

Theorem 6.45. A is artinian if and only if it is a noethering with krull dimension zero.

Proof. ( = ). Obviously dim A = 0. We know that A has finitely many maximal ideals my, - - - m,, the
intersection of which is the Jacobson radical, which, in this case, is equal to the nilradical. Further, since the
maximal ideals are comaximal, we have

m(A) =mq---my

But since 91(A) is nilpotent, there is a positive integer k such that mf - - - mk = 0, thus due to Lemma 6.13, A
is noetherian.

( <= ). Since A is a noethering, the (0) ideal has a primary decomposition, whence (0) = N q;
whereby 9(A) = N}, p; where each prime p; is maximal owing to the krull dimension. Thus, 9(A) =
pp - - - pp. Since in a noetherian ring, the nilradical is nilpotent, there is a positive integer k such that

We are now done due to Lemma 6.13. [ |

3We have not invoked Zorn to conclude this.
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Theorem 6.46 (Structure Theorem of Artinian Rings). Let A be an artinian ring. Then, there are artinian
local rings Ay, ..., Ap such that A =2 Ay @ - - - © Ay. Further, the A;’s are unique up to isomorphism.
Proof.

Lemma 6.47.
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Chapter 7

DVRs and Dedekind Domains

7.1 General Valuations and Valuation Rings

Definition 7.1 (Valuation). A valuation on a field K is a map v : K — I' U {oo} where I is an ordered
abelian group such that for all x, y € K,

1. v(xy) = v(x) + v(y), that is, the restriction v : K* — T is a group homomorphism,
2. v(x+vy) > min{v(x),v(y)}.

The set
A={xeK*|o(x) >0}
is called the valuation ring of K with respect to the valuation v. Simply stating “A is a valuation ring”

means A is a valuation ring of K = Q(A).

That the set A forms a ring follows from the fact that it is closed under addition, multiplication and
subtraction.

Proposition 7.2. Let A be an integral domain and K = Q(A), its field of fractions. Then, A is a valuation
ring of K iff for every x € K\{0}, we have x € Aor x~! € A.

Proof. The forward direction from the fact that 0 = v(1) = v(xx~!) = v(x) +v(x~!). Conversely, let
I'=K*/A* and 71 : K* — T the natural projection. Define an order on I' as follows

e Every element in G is of the form 7(x) for x € K*. According to the given hypothesis, x € A or
x~1 € A. In the former case, let 77(x) > 1r and in the latter, 7(x) < 1r.

¢ To see that this is well defined, suppose x,y € K with x/y € A*, thenif x € Atheny = xu € A
where 1 € A, on the other hand, if x ! € A, then y’l =ux"1 € Awhereu € A*.

* This extends to a total order on ' by 7r(x) > 7(y) if and only if 7r(xy~!) > 1r, thatis, xy ! € A.

We now contend that 77 is a valuation with valuation ring A. Since 7t is a homomorphism, it suffices to
check 7(x +y) > min{7m(x), 7(y) }. Indeed, suppose 7w(x) > 7(y), which is equivalent to stating x/y € A.
Then, 1+ x/y € A, consequently

n(x+y) =n(y(l+x/y)) =n(y)r(l+x/y) = n(y).

This completes the proof. n
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Proposition 7.3. Let A be a valuation ring. Then
(a) Aisalocal ring.
(b) A is normal.

Proof. (a) We shall show that the nonunits in A form an ideal. Let m be the set of nonunits in A and
choose x € m\{0}, b € A. Then, bx # 0 since x is not a zero divisor. We contend that bx is a nonunit.
For if not, then b(bx) ~! would be an inverse of x.

Next, let x,y € m\{0}. According to the given condition, either x/y or y/x are in A. Without loss
of generality, suppose x/y € A. Then x +y = y(1+ x/y) € m from the conclusion of the previous
paragraph. Thus m is an ideal and A is local.

(b) Indeed, let « € K be integral over A. If « € A, there is nothing to prove. If not, then it satisifes an
equation of the form
& 4 by 0" b+ by
Upon multiplying by a~ ("1, we can represent & as a sum of elements in A, consequently, is an
element of A, a contradiction. [ |

Proposition 7.4. Let A be a domain. Then A is a valuation ring if and only if the ideals in A are totally ordered.

Proof. ( = ) Suppose not. Then, there are two distinct ideals a,b with a Z b and b Z a whence we can
pick a € a\band b € b\a. Since either a/b € A or b/a € A, we must have a|b or bla. Without loss of
generality, suppose b|a. Then, a € (b) C b, a contradiction.

(<= ) Letx =a/b € K. Consider the ideals () and (b) in A. Since the ideals of A are totally ordered,
either (a) C (b) or (b) C (a), and thus, either x € A or x~! € A. This completes the proof. |

Definition 7.5 (Bézout Ring). A ring is said to be a Bézout ring if every finitely generated ideal is
principal.

Proposition 7.6. A ring is a valuation ring if and only if it is a local Bézout domain.

Proof. Let A be a valuation ring and a = (ay,...,a,) = (a1) + - - - + (a,). Since ideals in a valuation ring
are totally ordered, there is an index 7 such that (a ( aj) C (a;) for 1 < j < n, consequently, a = (a;).
Conversely, let A be a local Bézout Domain and x = a/b € K = Q(A). If either a or b is a unit, then
either x or x~! € A. Then, there is ¢ € A such that (c) = (a,b) whence there are a’, b’ € A such thata = ca’
and b = cb'. Let u € A be such that (u) = (a/,b’). Then, (cu’) = (c) whence u is a unit. If neither a’ or v’
is a unit, then (1) = (a/,0") = (a’) + (V') C m, a contradiction. Thus, either a|b or b|a which completes the
proof. |

7.2 Discrete Valuation Rings

Definition 7.7 (Discrete Valuation Ring). A valuation v : K — I' U {oo} is said to be a discrete valuation
when I' = Z and v is surjective. An integral domain A is said to be a discrete valuation ring if there is a
discrete valuation v on the field of fractions of A such that A is the corresponding valuation ring.

First, since A is a valuation ring of its field of fractions, say K, it is local and normal, i.e. integrally closed
in K. Further, the maximal ideal m in A is the set of all x € A with positive valuations.
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Proposition 7.8. Let A be a DVR. Then, A is a local PID.

Proof. Letmy = {x € A | v(x) > k}. We first show that my is an ideal. Indeed, for all x,y € my,

v(x —y) = min{o(x),0(-y)} = min{o(x),v(y)} > k

and v(xy) = v(x) + v(y) > k.
Next, we show that every non-zero ideal a in A is one of the m;’s. Due to the well ordering of the
naturals, there is an x € a with k = v(x) = rﬂnein v(a). Then, by the choice of k, a C m;. Now, let y € my.
a

Since v is surjective, there is an element z € A with v(z) = v(y) — v(x). Whence xz € a and v(xz) = v(y).
Since (xz) = (y), we must have y € a.
Notice that these ideals form a descending chain

m=my 2omy 2.

Choose some a € A with v(a) = 1, which exists due to the surjectivity of v. Then, m = (a) and
consequently, m; = (a¥) = m*. From this, we may conclude that m is the unique non-zero prime ideal in A
and every other ideal is a power of m and also principal. Thus A is a local PID. |

Theorem 7.9. Let A be a noetherian local domain of Krull dimension 1, w its maximal ideal and k = A/wm its
residue field. Then the following are equivalent:

(a) A is a discrete valuation ring.

(b) A is normal.

(c) mis principal.

(d) dimg(m/m?) = 1.

(e) Every non-zero ideal is a power of m.

(f) Thereis x € A such that every nonzero ideal is of the form (x*) for k > 0.

Proof. (a) = (b) is obvious.

(b)) = (c). Leta € m. Since the ring is noetherian, (a) has a primary decomposition, but since
the Krull dimension is 1, the only non-zero prime ideal is m, we see that \/(a) = m. Since we are in a
noethering, there is a positive integer 1 such that m" C (a) but m"~! C (a). Let b € m"~!\(a) and x = a/b,
y=x"!=b/ain K = Q(A), the field of fractions.

First, since b ¢ (a), y ¢ A and therefore, is not integral over A. Since m is a finitely generated A-module,
it cannot be an A[y]-module lest y be integral over A due to Theorem 5.2. Hence, ym C m.

Now consider ym. For any z € m, yz = bz/a € A since bz € m" C (a). Thus, ym C A. Since this is an
ideal and is not contained in m, we must have ym = A, whence m = Ax = (x) and is principal.

(c) = (d). Letm = (a) for some a € A. Then, m/m? = (@) where 7 is the image of a. Thus,
dimy(m/m?) < 1. Now, note that m # m?, lest due to Lemma 2.17, we have m = 0. Thus, dimj(m/m?) > 1
and the conclusion follows.

(d) = (e). Let a be a proper non-zero ideal in A. Then, y/a = m as we have argued earlier and thus,
there is a least positive integer n such that m"” C a. Now, A/m" is an artinian local ring with maximal ideal
m = m/m?. Consequently,

dimy (m/m?) = dimy(m/m?) =1
whence, due to <insert reference>, every ideal in A/m" is principal, in particular, a is principal.

(e) = (f). Due to Lemma 2.17, m 2 m?, hence there is x € m\m?. According to our hypothesis,
(x) = m" for some positive integer n. Due to our choice of x, we must have n = 1, whence m = (x). The
conclusion now follows.
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(f) = (a). We shall explicitly create a valuation. First, note that we have m = (x) due to maximality
and due to Nakayama’s Lemma, mk * mkt1 for if not, then mk = 0 whereby, m = 0, upon taking radicals, a
contradiction.

For each a € A, (a) = (x*) for a unique k, since (x") 2 (x"*1). Define v(a) = k and extend it to
K = Q(A) by defining v(a/b) = v(a) — v(b). This is obviously a well defined valuation and v(a/b) > 0 if
and only if (a) = (x") and (b) = (x™) for n > m, whence a € (b) and a/b € A. Thus A is the valuation
ring of K with respect to v. This completes the proof. u

Proposition 7.10. A is a DVR if and only if A is a local PID which is not a field.

Proof. If A is a local PID which is not a field, then it is a noetherian local domain of Krull dimension 1
with a principal maximal ideal. From Theorem 7.9, we have that A is a DVR. Putting this together with
Proposition 7.8, we have the desired conclusion. |

Proposition 7.11. Let A be a valuation ring that is not a field. Then A is a DVR if and only if A is noetherian.

Proof. It suffices to show the converse. Since A is noetherian, every ideal is finitely generated and thus
principal. Hence, A is a DVR. |

7.3 Dedekind Domains

Theorem 7.12. Let A be a noetherian domain of Krull dimension 1. Then, the following are equivalent
(a) A is integrally closed.
(b) Every primary ideal in A is a prime power.

(c) Every local ring Ay is a discrete valuation ring.

Proof. u

Definition 7.13. A ring satisfying the equivalent conditions of Theorem 7.12, is said to be a Dedekind
domain.

Theorem 7.14. In a Dedekind domain, every non-zero ideal has a unique factorization as a product of prime”
ideals.

“Which in this case, are maximal.
Proof. From Lemma 6.33, every ideal in a noetherian domain of Krull dimension 1 has a unique factorization

as a product of prime ideals. Then, from Theorem 7.12 and Theorem 1.3, the conclusion follows. |

Proposition 7.15. Let A be a Dedekind domain and a C A a nonzero ideal. Then, A/ a is a principal ring.
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Proof. The ideal a has a prime factorization a = pgll ~opstwith A/a = @i A/ p?". We shall show that each
factor A/p!" is a principal ring, by showing that for every prime ideal p, the ring A = A/p" is principal for
every positive integer #.

First, note that A must be artinian and local as we have argued in the previous chapters. Hence, due to
Lemma 6.47, it suffices to show that the maximal ideal in A is principal. Note that the maximal ideal in A
is given by p/p". If n = 1, then A/p" is a field and there is nothing to prove. Now, suppose n > 2. Letp
denote the maximal ideal p/p" in A. Then, p*> = p2/p", which may not be equal to p due to Lemma 2.17.

Choose some @ € p\p*>. We contend that p = (a). Leta € A be an element mapping to @ under the
projectio A — A/p". Then, (a) D p", consequently, /(a) = p is maximal and thus (a) is p-primary, whence
a power of p. Since we chose @ in E\Ez, we must have (a) = p which completes the proof. |

Corollary 7.16. Every ideal in a Dedekind domain is generated by at most two elements.

Proof. Let a < Abe anideal and a € a\{0}. Then, a/(a) is a principal ideal. Let b € a map to a generator of
a/(a). Then, (a,b) = a. |

Proposition 7.17. Let A be a Dedekind domain and a,b, ¢ C A be ideals. Then,
(@) an(b+c¢)=anNb+anNcand
(b) a+bNec=(a+b)N(a+c).

Proof. ]

Proposition 7.18. A Dedekind domain is a UFD if and only if it is a PID.

Proof. We shall show only the forward direction since the converse is trivial. Let p be a prime ideal in A and
0 # a € p. Then, a has a factorization, a = upil -+ - py" where the p;’s are irreducibles and ¢; > 0. Since p is a
prime ideal, there is some p; € p, consequently, (p;) C p. But since (p;) is a nonzero prime ideal, it must be
equal to p. Thus, every prime ideal in A is principal and thus A is a PID. u

Proposition 7.19. A Dedekind domain with finitely many prime ideals is a PID.

7.4 Fractional Ideals

Definition 7.20. Let A be an integral domain. A fractional ideal of A is a nonzero A-submodule M of
K = Q(A), the field of fractions such that there is d € A withdM C A.

Remark 7.4.1. If M is an A-fractional ideal, then for any multiplicatively closed subset S C A not containing 0, we
have that S~ M is an S~ A fractional ideal. This observation will be quite useful in the future.

The ideals contained in A are now called “integral ideals”. Obviously, every integral ideal is fractions.
Let M and N be A-submodules of K. Define the modified colon operator as

(M:N)={xeK|xNC M}.
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Similarly, one defines the sum and product of A-submodles of K as

ZMi:{ZmiMnieMl}
iel finite

MN:{in]/i|xi€M/yi€N}

finite

Proposition 7.21. Let M, N, P be A-submodule of K = Q(A). Then,

M(N + P) = MN + MP

Proposition 7.22. Let M and N be A-submodules of K and S C A a multiplicative subset. Then
(@) STY(MN) = (S'M)(S~'N)
(b) STYM : N) C (S™'M : STIN). Equality holds when N is finitely generated as an A-module.

Proof. (a). Letx = (¥;m;n;)/s € ST'(MN). Then,
x=Y (m;/s)(n;/1) € (ST'M)(S"'N).

1

On the other hand, if x € (ST'M)(S™IN), then x = Y;(m;/s;)(n;/t;) = Li(min;/sit;). Lets = [s; and
t = [1t;. Then, it is not hard to see that x = m’n’ /st € S~1(MN) and the conclusion follows.

(b). The inclusion is obvious. To see the inclusion in the other direction, suppose N were generated by
{ny,...,m;} € N. Letz € (S7IM : S7IN) and let zn;/1 = m;/s; with m; € M and s; € S. Sets = [];s;.
Then, it is clear that szn; € M for each i and thus sz € (M : N) whence z € S~'(M : N). This completes the
proof. |

Proposition 7.23. Let A be a noetherian domain. Then an A-submodule M of K = Q(A) is a fractional ideal
if and only if M is a finitely generated A-module.

Proof. It is not hard to see that every finitely generated A-submodule M of K is fractional, for if it is gener-
ated by x1/y1,...,Xn/Yn, then choosing y = ["_; y;, we have yM C A.

On the other hand, if A is noetherian and M a fractional ideal, then there is some d € A such that
dM C Aandisanideal, saya C A. Thus M =d “lgandisa finitely generated A-module. [ |

Definition 7.24. Let A be an integral domain. An A-submodule M of K = Q(A) is said to be invertible
if there is an A-submodule N of K with MN = A.

Remark 7.4.2. Each fractional ideal of A is invertible if and only if each integral ideal of A is invertible. Indeed,
suppose each integral ideal of A is invertible and M be a fractional ideal of A. Then, there is some d € A such that
dM is an integral ideal whence admits an inverse N. Then, note that dN is an inverse of M.

For an A-submodule M of K, define
(A:M)={xeK|xMC A}.

It is not hard to see that (A : M) is an A-submodule of K.
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Proposition 7.25. Let A be an integral domain and M an invertible ideal of A. Then, M~ = (A : M) and M
is finitely generated.

Proof. Let N denote the inverse of M. Then
NC(A:M)=(A: M)MN C AN =N.

Since M(A : M) = A, thereexist, for1 <i <mn,x; € Mand y; € (A : M) such that }_; x;y; = 1. Hence, for

any x € M, we have
n

n
x =) xxyy =) (yix)x;.
i

i=1
Since each y; € (A : M), we have y;x € A for1 <i < n, thus M is generated by x1, ..., x,, whence finitely
generated. [

Proposition 7.26. Let M be a fractional ideal of an integral domain A. Then, the following are equivalent:
(a) M is invertible.
(b) M is finitely generated and for each p € Spec A, My, is invertible.
(c) M is finitely generated and for each m € MaxSpec A, My, is invertible.

Proof. (a) == (b) First, since M is invertible, it is finitely generated as an A-module. We have
Ap = (M(A: M))p = Mp(Ap : M)

whence M, is invertible.

(b) = (c) Obvious.

(¢c) = (a). Leta = M(A : M). This is an integral ideal in A. Let/ : a < A denote the inclusion and
let m C A be a maximal ideal. Then,

m = Mm{Am : Mn) = Am.

Thus 1y, is surjective for all maximal ideals m and due to Proposition 3.13, a = A. ]

Proposition 7.27. Let A be a local domain. Then A is a DVR iff every non-zero fractional ideal of A is invertible.

Proof. ( = ) Let M be a fractional ideal of A and m = (x). Then, there is y € A such that yM C A. Let
s > 0 be chosen such that (y) = (x°). Then, x**M = yM C A is an ordinary ideal and is therefore equal to
(x") for some non-negative integer r. Then, M = (x"~*) is principal and thus invertible.

( <= ) First, every integral ideal is fractional and according to the hypothesis, finitely generated. Thus
A is noetherian. We shall now show that every nonzero proper integral ideal is a power of m. Suppose
not. Let X be the set of all nonzero proper integral ideals in A which are not powers of m. Leta € X be a
maximal element!. Then, a C m. But since m is invertible, we have

mlaCm im=A

and thus m~!a is a proper integral ideal which contains a, since 1 € m~!. We contend that this containment

is proper. For if not, then

mla=a = a=ma

and due to Lemma 2.17, a = 0. Thus, a € m~'a and due to the maximality of a, there is a positive integer k
such that m~'a = m* whence a = m**1, a contradiction. This completes the proof. n

1We do not need to invoke Zorn for this since the ring is Noetherian.
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Proposition 7.28. Let A be an integral domain. Then A is a Dedekind domain iff every non-zero fractional ideal
of A is invertible.

Proof. ( = ) Let M be a fractional ideal in A. Since A is also noetherian, M is finitely generated. Let p €
Spec A. Then My, is a fractional ideal in the DVR Ay, whence invertible. We are done due to Proposition 7.26.

( <= ) We shall show that A} is a DVR for each p € Spec(A). Due to Remark 7.4.2, it to show that
every integral ideal of Ay is invertible for each p € Spec(A). Let b be an integral ideal in A,, then there is
a corresponnding integral ideal a in A such that b = ap,. According to our assumption, there is a fractional
ideal M such that aM = A whence ay M, = A and b is invertible. This completes the proof. u

Corollary 7.29.If A is a Dedekind domain, the non-zero fractional ideals of A form a group with
respect to multiplication.

7.5 Dedekind Domains and Extensions

Theorem 7.30. Let A be a Dedekind domain with field of fractions K. If L/ K is a separable field extension and
B is the integral closure of A in L, then B is a Dedekind domain.

Proof. Obviously, B is integrally closed. We now show that B has Krull dimension 1. First, note that the only
prime ideal in B lying over (0) in A is (0) due to Proposition 5.12. If p; C p in B, then their contractions
pj € p5 are prime ideals in A, where the inclusion is strict, again due to Proposition 5.12. Thus, p{ = (0)
and B has dimension 1.

Finally, that B is a noethering follows from Corollary 5.28. This completes the proof. |

Theorem 7.31. Let A be a Dedekind domain with field of fractions K. If L/K is a finite purely inseparable
extension and B is the integral closure of A in L, then B is a Dedekind domain.

Proof. We shall show that every ideal of B is invertible. This is equivalent to B being a Dedekind domain.
Let char A = p > 0 and g = p" be the exponent of the purely inseparable extension L/K. Let b be an ideal
of B and

a={bT|beb}A,
an ideal of A. Since A is a Dedekind domain, the ideal a has an inverse, say a L. Let agl denote the B-
submodule of L generated by a~!. Since a~! was a fractional ideal of A, there is some d € A such that

da—1 C A, therefore, dag1 C Band agl is a fractional ideal of B.
Now, note that a C b7 whence

leaa ! C bqagl = BC bqagl.
On the other hand, pick some a € alandby,..., b; € b. Then,
(by -+~ bga)T = (b?a) . (b?,a).

Note that b? € a an thus b?a € A. Therefore, by - - - bya is integral over A and thus lies in B. Note that
every element of b7 agl is a B-linear combination of elements of th form b; - - - bya and thus lies in B, that is,
b7az! C B. Hence,

blaz! =B = b ! =ptagl.
This completes the proof. n

We immediately obtain the following result.
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Corollary 7.32. Let A be a Dedekind domain with field of fractions K. If L/K is a finite extension and
B is the integral closure of A in L, then B is a Dedekind domain.

7.5.1 Primes in Extensions
Throughout this section, we consider the following setup:

A is a Dedekind domain with fraction field K. Let L/ K be a finite extension and B the integral
closure of Ain L.

Definition 7.33. If p € Spec(A), then pB has a prime factorization in B, say

.
pB =%
i=1

The number e; is called the ramification index. We say that B divides p if P8 occurs in the factorization
of p in B. Further, we write e(3/p) for the ramification index and f(8/p) for the degree of the field
extension [B/P : A/p].

A prime is said to ramify if e; > 1 for some i. It is said to split if e; = f; = 1 for all i. It is said to be
inert if pB is a prime ideal in B.

Proposition 7.34. Let p € Spec(A). Then, B divides p if and only if B lies over p.

Proof. = Obviously 8 N A contains p. But since p is maximal, and 1 ¢ B, we have p =P N A.
<= Suppose ‘B lies over p. Then, pB C PB. Consider the prime factorization

i=1

[[B =pBCP = [[BCP
i=1

and thus B; C P for some i. But since the B3;’s are maximal, we have B; = P for some i. |

Theorem 7.35 (Ramification Formula). Suppose L/K is separable with [L : K] = m and B, ..., B, be the
prime ideals dividing p. Then,

r

Y eifi=m,

i=1

where e; = e(P;/p) and f; = f(Pi/p).

Proof. We shall first show that B/pB is a vector space of dimension m over A/p. It obviously is a finite
dimensional vector space over A/p an thus

B/pB = (A/p)°

for some positive integer s. Localizing at p, we have

By/(ppByp) = (Ap/pp)°.

Note that Ay, is a DVR, in particular, a PID. Hence, By, is a free A,-module since we had already established
that B was a finitely generated A-module. Let n be a positive integer such that B, = A} as Ap-modules.
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Then, upon tensoring with K, have an isomorphism2 of Ay-modules and thus of K-vector spaces, K" — L
whence n = m. On the other hand, upon tensoring with A, /p, we have an isomorphism

By /(ppBy) = (Ap/pp)™,

whence m = s. This proves our claim.
Now, using the Chinese Remainder Theorem, we have an isomorphism,

B/pB =[] B/
i=1

Note that this is also an isomorphism as A/p-modules. We shall show, individually, that [B/ ‘B‘;" tA/p]l =
e; f;. First, consider the chain

BB 2 2%

Since there is no ideal strictly between ‘B{ and ‘}35“, each successive quotient above must have dimen-
sion 1 as a B/B;-vector space. But B/*p; itself is a f; dimensional A/p-vector space, whence B/ ‘13? is e;fi
dimensional A /p-vector space. This completes the proof. n

2In general, if A C B is an integral extension of integral domains, then any element in the localization of B at A\ {0}. Note that any
element in the fraction field of B is of the form b/b’, which can be written in the form 0" /a for some b” € Band a € A.

85



Chapter 8

Completions

8.1 Filtrations of Rings and Modules

Definition 8.1 (Filtered Ring). A filtered ring A is a ring A together with a family (A;),>o of additive
subgroups of A satisfying the conditions:

(@) Ao = A4,
(b) A1 C Ay foralln >0,
(c) ApA,y C Ayqy forallm,n > 0.
Substituting m = 0 In the last condition, we get AA, C A, for all n > 0 whence each A is in fact an
ideal in A.
Example 8.2. (a) Leta C A be an ideal. Then, A, = a" for n > 0 gives the a-adic filtration on A.

(b) Let B C A be a subring. Then, given any filtration (A, ),>0 on A, the sequence (BN A;),>p is a
filtration on B, called the induced filtration on B.

Definition 8.3 (Filtered Module). Let A be a filtered ring with filtration (A;),>0. A filtered A-module
M is an A-module M together with a family (M,,),>o of additive subgroups of M satisfying:

(a) MO =M,
(b) M; 11 C My foralln >0,

(c) ApuM,, € M4y forall m,n > 0.

Substituting m = 0 in the last condition, we obtain AM,, C M, for all n > 0 whence each M, is an
A-submodule of M.
Example 8.4. (a) A filtered ring is a filtered module over itself (with the filtration being the same).

(b) Let a C A be an ideal, then the sequence (a"M),>o of A-submodules of M forms a filtration on
M, called the a-adic filtration.

(c) More generally, given a filtration (A;),>0 on a ring A, define M, := A, M, which gives M the
structure of a filtered A-module.
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(d) Let M be a filtered A-module and N an A-submodule of M. Then, we have an induced filtration
on N and M/N given by

(NN Mp)u>o and <N+Mn)
N n>0

respectively.

Definition 8.5. Let M and N be filtered A-modules (over a filtered ring). A homomorphism of filtered
modules is an A-module homomorphism f : M — N such that f(M,,) C Nj, foralln > 0.

Definition 8.6. A filtration (M, ),>0 of an A-module M is said to be an a-filtration if aM,, C M, for
all n > 0. And a stable a-filtration if there is a positive integer N such that aM,, = M,,4; for n > N.

Definition 8.7 (Graded Ring). A graded ring is a ring A together with a family (A,),>o of additive
subgroups such that A = @,,>¢ Ay and Ay Ay C Apyy for all m,n > 0. A nonzero element of Ay, is
said to be a homogeneous element of degree n.

Proposition 8.8. Let A = (Ap)n>0 be a graded ring with the specified grading. Then,
(a) Ay isasubring,
(b) Aisan Ayg-module,
(c) Ay isan Ag-submodule for all n > 0.
Proof.  (a) Since ApAg C Ay, it is closed under multiplication and obviously under addition. There is

some n > 0 and ay,...,a, such that 1 = a9+ - 4+ a,. Thus, a; = apa; + - - - + aya;. Comparing
degrees, a; = apa; for 0 <i < n. Thus,

ag =ag-1=ap(ap+---+ay) =apag+---+apay =ap+---+a, = 1.
Hence, 1 € Ap and it is a subring.
(b) Trivial.

(¢) Trivial. |

Definition 8.9. Let A be a graded ring. A graded A-module is an A-module M together with a family
(My)n>0 of subgroups of M such that M = @y>0 My and Ay My, © My A nonzero element of My,
is said to be a homogeneous element of degree n.

Definition 8.10. If M and N are graded A-modules, then a homomorphism of graded A-modules is an
A-module homomorphism f : M — N such that f(M,,) C N, for all n > 0.
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Proposition 8.11. Let A = @,,~ Ay, be a graded ring. Then, the following are equivalent:
(a) A is a Noetherian ring.

(b) Ag is noetherian and A is an A-algebra of finite type.

Proof. = Let Ay := @,>1 Ay. This is obviously an ideal of A and A/A = Aj and thus is noetherian.
Since A is noetherian, A is a finitey generated ideal. Suppose it is generated by x1,...,xs, where we
may suppose that the x;’s are homogeneous with degrees 1, .. ., s respectively for s > 0. Let A’ denote the
subring A[xy, ..., xs] of A.

We shall inductively show that A, C A’ for n > 0. The base case with n = 0 is trivial to prove. Let
y € A, for n > 0. Then, thre is a linear combination

S
y= Z aiX;
i=1

where a; € A. Comparing degrees, we see that a; € A,_; with the convention that Ay = 0 for k < 0.
Due to the induction hypothesis, for each i, there is a polynomial f; with coefficients in Ag such that a; =
fix1,...,xs). Let g = a1 fy + - - +asfs. Then, y = ¢(x1,...,%;s), whence, y € A’. Thus, A, C A’ forn >0,
consequently, A = A’.

<= Follows from Theorem 6.18. |

Definition 8.12 (Rees Algebra). Let a« C A be an ideal. Define the Rees algebra to be
A" :=Pd"
n>0

where element multiplication is the analogue of polynomial multiplication. That is, represent every
element of A* as a polynomial
ag+am T+ - +a,T"

in some indeterminate T, where a; € a’. It is now easy to see how multiplication is defined. The
identity element is simply given by (1,0, ...) or in the polynomial notation, simply the monomial 1.
This gives A* the structure of a commutative ring.

Definition 8.13. Let M be a filtered A-module with filtration (My,),>o over A with the a-adic filtration
for some ideal a C A. Define
M* := P M.

n>0
As in the definition of the Rees algebra, we view elements of M* as formal polynomials
mo +mi T+ +m,T"
in some indeterminate T, where m; € M;. This has a natural action of the Rees algebra, A*, by polyno-

mial multiplication, which is well defined, since uiMj C My due to the filtered structure of M. This
structure also shows that M* is a graded A*-module with the above grading.

Proposition 8.14. A is a noethering if and only if A* is a noethering.
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Proof. The converse is obvious since A can be realized as a quotient of A*. Suppose A is a noethering.
Then, a is finitely generated, say a = (ay,...,a,). Consider the map ¢ : A[xy,...,x,] — A[T| mapping
x; — x;T (this map exists due to the universal property of the polynomial ring). It is not hard to see that
im ¢ = A* C A[T], whence we are done due to Theorem 6.18. ]

Proposition 8.15. Let A be a noethering, M a finitely generated A-module and (My,),>o an a-filtration of M.
Then, the following are equivalent:

(a) M* is a finitely generated A*-module.
(b) The filtration (M), is a-stable.

Proof. Since M is a finitely generated module over a noethering, it is a noetherian A-module whence each
M, is finitely generated. Let

n
Qu == P M T
k=1
be an A-module and M;, be the A*-module generated by it. Note that M;, is finitely generated since each
M is finitely generated. Further, these form an ascending chain

(MgCSMjC---) CM* )

Recall that A* is noetherian. Thus, M* is finitely generated if and only if M* is noetherian if and only if
(1) stabilizes if and only if M* = My, for some nyp € IN. Now, let n > ng. Let m,1 € My4q. Then,

My T" € MY, | = M;, and thus
r
M T = Y PA(T)PM(T)
k=1

where each P! is a polynomial in A* while PM is a polynomial in Q,. Looking at the coefficient of T,
we see that m,. 11 € aM, whence M, ;1 = aM, whereby the filtration (M,),>¢ is stable. The converse is
obvious and thus this is an equivalence thereby completing the proof. |

Lemma 8.16 (Artin-Rees Lemma). Let A be a noethering, a C A an ideal, M a finitely-gennerated A-module,
(My)n>0 a stable a-filtration of M. If M' is an A-submodule of M, then (M’ N My,)n>0, the induced filtration
on M’ is a stable afiltration of M'.

Proof. We have

a(M' N M) CaM' NaM, C M' N M, 1,
whence the induced filtration (M’ N M), is an a-filtration. Consider M'* induced by this filtration.
This is an A*-submodule of M*. Due to Proposition 8.15, M* is a finitely generated A*-module whence is

noetherian and thus M'* is a finitely generated A*-module. Again, Proposition 8.15, the filtration (M’ N
M) >0 is a-stable. This completes the proof. ]

Corollary 8.17 (Krull’s Intersection Theorem). Let A be a noethering and a C 9R(A) a proper ideal.
Let M be a finitely generated A-module. Then (> a"M = 0.

Proof. Let N := (1,50 a"M. Then, a” M N N = N for all n € IN. The filtration a" M is a-stable and thus, so is
the induced filtration on N. But this means (N),>¢ is a stable a-filtration, implying that aN = N and thus
N =0 from Lemma 2.17. [ ]
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Definition 8.18 (Equivalent Filtrations). Let M be a filtered A-module. Two filtrations (M,),>¢ and
(M},)n>0 are said to be equivalent if there is a positive integer k such that

foralln > 0.

8.2 Completion

Definition 8.19. An inverse system of A-modules is a collection of A-modules (M ),>o and homomor-
phisms (6,,),>1 where 6, : M, — M,_q. If 0, is surjective for all n, then the system is said to be a
surjective system.
The inverse limit of this system is the categorical limit over the diagram
0 0 0
M0<71M1<—2M2(73"'

in A — Mod.

Example 8.20. Suppose we have a filtration M = My 2 M; 2 -- -, then we have an inverse system
(M/My)y>0 with
On+1: M/ My — M/ My

being the natural map x + M, — x + M,,. Moreover, this is a surjective system.

Proposition 8.21. The inverse limit of an inverse system ((My)n>0, (0n)n>1) exists and is unique upto unique
isomorphism.

Proof. It suffices to show existence since the “unique upto unique isomorphism” simply follows from the
fact that the inverse limit is a “universal object”.
Let N :=[];>9 M; and 71; : N — M; denote the projection. Let

M = {(xj)i>0 € N | 0i11(xjy1) = x; forall i > 0}.

That this is a submodule is easy to verify. This is called the submodule of coherent sequences. Next, define
fi + M — N; by the restriction f; = 71;|51. We contend that

M = lim M,,.
% n
Indeed, let P be another A-module with maps g; : P — M, such that 0; 1 0 g;;1 = g; for all i > 0. Define
themap hh: P — M by h(p) = (g0(p),g1(p), ... ). Since this sequence is coherent, it is a valid map into M.
Morover, foranya € A,and p,p’ € P,
h(p+ap') = (8i(p) +agi(p')) = (8i(p)) +algi(p")) = h(p) + ah(p’)

and thus, & is an A-module homomorphism. Finally,

fioh(p) = fi((gj(p))iz0) = i(p)

as desired. [ |
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Topological Interlude

Definition 8.22. Let G be a topological abelian group. A fundamental system of neighborhoods of {0} is
a descending chain of subgroups
G=G2G 2.

such that U C G is a neighborhood of 0 if and only if it contains some G,.

Proposition 8.23. Let G be an abelian group and G = Gg 2 Gy 2 - - - be a descending chain of subgroups of
G. The collection
#:={g+Gi|ge G}

forms a basis for a topology on G. Under this topology, G is a topological group.
Proof. Leti < jandh € (§+G;) N (g’ +G;). Then, g —h € G;and g’ — h € G; C G; therefore, g — ¢’ € G;.

Consequently,
h+G=8'+G Cg+Gi=g+Gi

whence 1 + G; C (g + G;) N (¢’ + G;). This shows that 2 indeed forms a basis for some topology on G.
Let ¢ : G x G — G given by ¢(x,y) = x — y. Suppose (x,y) € ¢~ (g + Gy). Then,

(x+Gu) X (y+Gu) C 9 g+ Gn)

whence ¢~ (g + G,) is open. This completes the proof. ]

Definition 8.24. A sequence (x,) in a topological abelian group G is said to be Cauchy if for every open
neighborhood U of 0, there is a positive integer N such that x, — x,, € U forall m,n > N.
We shall now construct the completion of a group using Cauchy sequences.

¢ Define a relation on the set of all Cauchy sequences in G by (xy) ~ (yn) if and only if x, —y, — O as
n — oo.

e That this is an equivalence relation is easy to see, for if (x,) ~ (y,) and (y») ~ (z,), then

lim (x" - Z”) = nlgl;lo ((xn _yn) + (yn - Zn)) = lim (xn - yn> + ng;}o(yn - Z”) =0.

n—o0 n—o0

¢ Let G denote the equivalence classes under the above relation. Define the operation [(x,)] + [(y1)] =
[(xn + yn)]. It is not hard to verify that this is well defined and endows G with the structure of an
abelian group.

Proposition 8.25. Let ¢ : G — G denote the map g — [(g)], the equivalence class of the constant sequence.
This is a homomorphism of groups and ker ¢ = (| U where the intersection ranges over all neighborhoods of 0.

Proof. u
Back to Completions

Let M be a filtered module with filtration (M, ),>o over a filtered ring A with filtration (A),>0. In accor-
dance with Proposition 8.23, both M and A have the structure of abelian topological groups.
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Proposition 8.26. Under the aforementioned induced topology, A is a topological ring and M is a topological
module. This topology is called the topology induced by the filtration.

Proof. We have seen already that A forms a topological group under addition. It remains to show that
multiplication is continuous. Let ¢ : A x A — A be the multiplication map and (a,b) — x € A. Let A, be
aneighborhood x. Then, (a + A;) x (b+ A,) maps into x + A, under ¢ (this is where we use properties of
the filtration) whence ¢~ (x + A, ) is open in A x A.

A similar proof works for the module case. |

Proposition 8.27. Equivalent filtrations induce the same topology on M.

Proof. Trivial. |

We now have a topology on the module M whence, we can form its completion, M, as outlined in the
previous (sub)section.

e Let (x,) be Cauchy in M and a € A, in particular, let # € Ay,. Let U be a neighborhood of 0,
which contains M, for some positive integer ng. Then, there is a positive integer n; such that for all
m,n > ny, Xm — Xn € My, whereby a(x, — x,) € ApyMy, € My, C U.

e Further, if (x,) ~ (yn) and a € A, we must have (ax,) ~ (ay,) using a similar argument as above.

Thus M is also an A-module.

Proposition 8.28. M = 1&1 M/ M, as A-modules.
n

Proof. We shall define a map a : M := @M /M, — M. Let (y,) € M be a coherent sequence. For each
n

n > 0, pick any x, € M, such that T (xy) = yn where 7t, : M — M/ M, is the natural projection. First,
note that [ |

Now, let A be a filtered ring, which can be regarded as a filtered module over itself. Then, A is an
A-module. There is a natural product on this module, which can be seen easily using coherent sequences.
That is,

[(xn)n=0] - [(Yn)n>0] = [(¥nyn)n=o0]-

Thus, A is an A-algebra, in particular, a ring in its own right.

Definition 8.29. Given inverse systems (M,, 8,,) and (M), 0,,), a morphism of inverse systems f : (M}, )n —
(My)n is a family of maps f,, : Mj, — M, for n > 0 such that the diagram

o'
/ n+1 /
M, +—M, ,;

fnl J{fr&l
0

+1
M, ——— M, 4

commutes for all n > 0. Exactness of such a sequence has the obvious definition.

A morphism as above induces a map f : @Mﬁl — lim M, given by (xn) — (fa(xn)). The commuta-
n n

tivity of the diagram ensures that the sequence on the right is coherent.
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Proposition 8.30. Let 0 — {A,} — {Bn} — {Cn} — 0 be an exact sequence of inverse systems. Then
0— @An — IEB” —>1'&ncn
is exact. Further, if { An} is a surjective system, then
0—>1'LnAn—>l'&an—>l'&nCn—>0
is exact.
Proof. Define the map d4 : [T, Ay — 1, An as

04 ((a1)) = (@ — O (a1)):

Similarly, define d® and d©. These obviously are morphisms and fit into the following commutative dia-
gram.

OHHnAnHHan ann 0
R R
OHHHAH*}HnBH HnCn 0

From the Snake Lemma, we have an exact sequence
0 — kerd? — kerd® — kerd® — cokerd”.

It remains to show that d4 is surjective when { A, } is a surjective system. Indeed, let (a,,) € [], An. Choose
any xo € Ap and inductively choose x,,1 such that 8, 1(x,41) = ¥y — a,. Then, d*((x,)) = (a,). This
completes the proof. ]

Corollary 8.31. Let
0—M —M-—M —0

be an exact sequence and (M, ), >0 a filtration of M with induced filtrations on M’ and M". If comple-
tions are taken with respect to these filtrations, the sequence

0— M —M-—M —0

is exact.

Corollary 8.32. Let M be an A-module with filtration (M) > and completion M. Then, the comple-

tion M,, of M,, with respect to the induced filtration is a submodule of Mand M/ M, = M/M,, for all
n > 0.

Proof. The first assertion follows from the exactness of completion. As for the second assertion, again, using
the exactness of completion, we have

M <W>
MTZ N Ml’l '
Note that the induced topology on M/ M, is the discrete topology whence

M
M,

~~

S

~——
Il
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Corollary 8.33. Let M be an A-module with filtration (Mj,),>o. This induces a filtration (M,),>o on
Mand M = M.

Proof. Note that the isomorphism M/M,, = M/ M,,. Now, consider the following commutative diagram.

0O— Myy1—M— M/ My ——0

P S

M/My ——0
Taking completions, we obtain another commutative diagram

—
M

M M
M1 M1 M, 41
M M M
M, M, M,

where all the horizontal arrows are isomorphisms. Thus,

lim M/ M, = 1‘@1\71/1\71”.

]
Let M be an A-module. There is a canonical map M — M given by m + (m),>o. Upon tensoring with
A, wehaveamap A®4 M — A ®4 M which, on elementary tensors is given by

(@n)n>0 @A m = (an) @4 (M)n>0,
where we are denoting the elements of A by Cauchy sequences.
Now, consider the map A ®4 M — M given by

(an)nZO XA (mn)nzo — (anmn)nz()-
Composing this with the previous maps, we obtain a map ¢a; : A @4 M — M given by

(an)n>0 ®a m > (anm)n>o.

It is not hard to verify that this map is indeed A-linear between A-modules. Note that this map is valid for
all filtered modules M over a filtered ring A. So is the following theorem.

Theorem 8.34. If M is finitely generated, then ¢y is surjective. Further, if A is noetherian, then ¢y is an
isomorphism.

Proof. If M and N are two A-modules, then it is not hard to verify that the following diagram commutes:

(AAM)D (A4 N) —3 AR, (M®N)

q’M@‘/’Nl LPM%N

Ma&N

- M&N

where the horizontal map on the bottom is given by (m;);>0 & (1;)i>0 — (m; ® n;);>o. Now, note that
¢a: A®g A — Aisobviously an isomorphism. Thus, inductively, ¢r is an isomorphism whenever F is a
finite dimensional free A-module.
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Now, if M is finitely generated, then, there is a finite dimensional free module F and an exact sequence
N — F —+ M — 0. This fits into a commutative diagram,

N F M 0
471\{ 47FJ/~ <PMJ{
N r M

0

with exact rows. Thus, ¢ is a surjection. Now, if A is noetherian, then N is finitely generated, since it is a
submodule of F, which is a noetherian A-module. Due to the Four Lemma, ¢); must be an injection whence
an isomorphism. This completes the proof. |

8.3 a-adic filtration

Let A be a fitered ring with filtration (A;),>0 and M a filtered A-module with filtration (M},),>0. We shall
show that M has the structure of a A-module. Indeed, for (x,),>0 € M and (a,),>0 € A, define

(@n)n>0 - (Xn)n>0 = (anXn)n>0-

To see that this is well defined, suppose (a,),>0 ~ (4),)n>0 and (x4) >0 ~ (x},)n>0. Then,

AnXy — Apxly = an(xy — x3,) + (ay — a),)x;,.

Consider a basic open set A, containing 0. For sufficiently large n, x, — xl, € My, and a,, — a), € Ay. The
conlusion now follows.
Next, we examine the functoriality of completion. If f : M — N is a homomorphism of filtered A-

modules, then there is an induced map f: M — N of filtered A-modules given by
F((xn)nz0) = (f(xn))n>0-
This map is obviously A-linear. It is also not hard to see that
gof=gof and  idy=idy

whence completion is a functor from the category of filtered A-modules to the category of A-modules.

Proposition 8.35. Let A be a noetherian ring and 0 — M’ Sy M 25 M" —s 0 beashort exact sequence

of finitely generated A-modules. Then,

0— M 5 M55 M7 — 0
is a short exact sequence of A-modules where the completions are a-adic for some ideal a < A.

Proof. We may treat M’ as a submodule of M. The induced filtration is just (M’ N a”M),>0. Due to
Lemma 8.16, this is a stable a-filtration of M’ whence, is equivalent to the filtration (a”M’),>o. Thus,
the completions are also isomorphic. Next, the induced filtration on M" is obviously (a”"M"),>0. The
conclusion now follows from the exactness of completion. |

Corollary 8.36. In particular, A is a flat A-module when A is noetherian.
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Proposition 8.37. Let A be a noethering, b <\ A an ideal in A, and A the a-adic completion for an ideal a < A.
Then,

(1) b = bA.
(b) 6" = p".
(c) b"/p"t1l = E”/E”“for alln > 0.

(d) b is contained in the Jacobson radical of A.

Proof. (a) Consider the injection b < A. Upon tensoring with A, we obtain an injection b ®4 A < A.
The image of b ® 4 A under this map is given by bA, which is also the extension of the ideal b under
canonical map A — A.

(b) Follows (a), since

bi=  b"A=(bA)" = ()"
N —
since we are extending an ideal

(c) Recall that A/b" = A/b". Now, apply the third isomorphism theorem.

(d) For any a € @, note that 1 — 4 is a unit since it has an inverse 1+ a + a? +---. This converges since
a" € a" and the topology on A is given by the fundamental system A 2 @ 2 @? D - - -. Ths conclusion
now follows. |

Corollary 8.38. If (A, m, k) is a noetherian local ring, then R is a local ring with unique maximal ideal,
L.

Theorem 8.39 (Krull’s Intersection Theorem). Let A be a noethering, M a finitely generated A-module and
a < A an ideal. Let M be the a-adic completion of M. Then, the kernel of the canonical map M — M consists of
precisely those elements of M that are annihilated by some element of 1 + a. That is,

(Nad'M={xeM|Jaca (1+a)x=0}.
n=0

Proof. Note that the kernel of the map is precisely equal to (N, a” M. First, if x € M is annihilated by 1 +a
for some a € a, then

o0
x=—ax=a’x=—ax=---€ () a"M.
n=0

Conversely, let N = ﬂff’zo a” M. Then, due to Lemma 8.16, there is a positive integer n such that
"N = d"(NNd"M) = Nna"* M =N

for all k > 0. Choosing k = 1 and applying Corollary 2.16, the desired conclusion follows. n

Corollary 8.40. If A is a noetherian domain and a < A is a proper ideal, then N, a”" = (0).
Proof. Every element of 1 4 a is nonzero and thus cannot annihilate any other nonzero element. ]
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8.3.1 Associated Graded Stuff

Definition 8.41 (Associated Graded Ring). Let A be a filtered ring with filtration (A;),>o. Define

Gn(A) := An/Any1 and  G(A) := @ Gu(A).

n>0

This has a natural multiplication structure given by (a + A, 11)(b + Ay41) = ab+ A1, where
a € Ayand b € Ay, This gives G(A) the structure of a graded ring and is known as the associated
graded ring of A.

To see that the multiplication is well defined, suppose ' € A, and b’ € A, such thata + A, =
a/ + An+1 and b + Am+1 = b/ + Am+1 Then,

ab—a'b' = (a—ao+ad(b-V) e Auini1

Remark 8.3.1. If A has the a-adic filtration for an ideal a I A, then we denote G(A) by Gq(A) to be explicit.

Definition 8.42 (Associated Graded Module). Let A be a filtered ring with filtration (A, ),>0 and M a
filtered A-module with filtration (My),>o. Define

Gn(M) := My/My41  and  G(M) := P Gu(M).

n>0
This has a natural G(A)-module structure given by
(a+ Api1)(x + Myy1) = ax + Myn1
fora € Ay, and x € M. This is called the associated graded module of M.
To see that the multiplication is well defined, suppose ' € A,, and x’ € M, such thata + A, 1 =
a' + Ayi1and x + My, 1 = x' + M, 41. Then,

ax—a'x' = (a—ad)x+ (x—x")a' € My i1

Definition 8.43 (Functoriality of G). Let A be a filtered ring with filtration (A;),>0 and M, N filtered
A-modules with filtrations (M}, ),>0 and (Ny),>0 respectively. Let f : M — N be a homomorphism of
filtered A-modules.

Define G(f) : G(M) — G(N) on homogeneous elements by

G(f)(x+Myy1) = f(x) + Nyp1-

This is a homomorphism of graded G(A)-modules. Further, it is functorial, which is not hard to verify.

Theorem 8.44. Let A be a noethering and a < A. Then,
(a) Gq(A) is a noethering.

(b) Ga(A) and Gz(A) are isomorphic as graded rings.
(c) if M is a finitely generated A-module, and (M), is a stable a-filtration of M, then G(M) is a finitely
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generated Gq(A)-module.

Proof. (a) Let a = (xq,...,%s) as an A-module and let X; denote the image of x; under the projection
A — A/a. Itis obvious that G4(A) = A/a[Xy,...,%;]. Therefore, Gq(A) is a nothering.

(b) Follows from Proposition 8.37.

(c) There is an ng > 0 such that My, 4, = a"M,, for all r > 0. We contend that G(M) is generated by
EBZOZO Gu(M) asa Gq(A)-module. Indeed, consider some homogeneous elementX € My ++/ My 4141,
and x € My, such that ¥ = x + My, r41. Then, there is some y € M;, and a € a” such that ay = x.
It now follows that ay = X where § € Gy,,(M) and 7 is the image of a in a” /a"*1.

Finally, note that each G,(M) is a finitely generated A/a-module for n < ny. Whence, G(M) is a
finitely generated G4 (A)-module. [ ]

Lemma 8.45. Let A be a filtered ring and M, N filtered A-modules. Let ¢ and G(¢) denote the induced maps
between the associated graded modules and completed modules respectively. Then,

(a) if G(¢) is injective, then ¢ is injective.
(b) if G(¢) is surjective, then ¢ is surjective.

Proof. The map ¢ induces maps a,, : M/ M, — N/N,, which is not hard to see from the universal property
of the quotient. This gives us a commutative diagram

0—— M, /My —M/M,;,, — M/M,, ——0.

Gn ((P)J “n+1l zxnl

0—— Ny/Ny;1—— N/Nyyg —— N/N, ——0
Due to the Snake Lemma, we have the following exact seqence
0 — ker G,(¢) — kera, 1 — kera,, — coker G, (¢) — cokera, 1 — cokera, — 0.

Suppose G(¢) is injective. Then, each G, (¢) is injective, whence we can inductively argue that kera,, = 0
for every n > 0 since the base case ker oy = 0 is trivial.

Consequently, « : {M/M,} — {N/N,} is an injective map of surjective systems. Consequently, under
the inverse limit, it induces an injective map ¢ : M — N. Similarly, one can handle the case when G(¢) is
surjective. This completes the proof. |

Lemma 8.46. Let a < A such that A is complete in the a-topology and M an A-module with (My,),>0 an a-
filtration of M in which M is Hausdorff. If G(M) is a finitely generated G(A)-module, then M is a finitely
generated A-module.

Proof. Suppose G(M) is generated by the homogeneous elements y; for 1 < i < s with homogeneous degree
of y; being n(i) > 0. There is a corresponding x; € M,,(;) whose image in G (‘)( ) is ;. Let F() denote the

A-module A with a-filtration given by Flf i) = gnli)+k, Finally, let F = @¢_, F). Let () : F() — M denote

the map sending 1 € F(!) to x; € M. This induces a homomorphism of filtered A- modules ¢ : F — M. This
map in turn, induces a G(A)-module homomorphism G(¢) : G(F) — G(M).
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According to the way we had chosen the x;’s, the map G(¢) is surjective and thus, ¢ : F— Mis
surjective. Let « : F — F and 8 : M — M denote the canonical maps. The following diagram commutes.

F—?m
o
fTM\Z

Since A is complete in the a-adic topology we see that A 2 A and since F is a free A-module, the map a
must be an isomorphism. Further, since M is Hausdorff in its chosen filtration, the map p is an injection.
Since the map ¢ o & is a surjection, it must be the case that ¢ is a surjection, consequently, M is finitely
generated. ]

Corollary 8.47. With the hypotheses of Lemma 8.46, if G(M) is a noetherian G(A)-module, then M is
a noetherian A-module.

Proof. Let M’ C M be a submodule. We shall show that M’ is finitely generated. If (M), > is the filtration
of M, then the induced filtration (M’ N Mj,),>0 is also an a-filtration, which we denote by (M),),>0. Note
that the inclusion Mj, — M, induces an injective homomorphism M;,/ M/, 41 = My/M, 1. Thus, the
inclusion map M’ < M which is also a map of filtered modules, induces an injective map G(M') < G(M).
Since G(M) is noetherian, G(M') must be a finitely generated G4(A)-module. Finally, we also have

{0} € () M, € () My = {0},
n=0 n=0

Now, we can complete using Lemma 8.46. [ |

Theorem 8.48. If A is a noethering and a < A, then the a-adic completion A of A is a noethering.
Proof. Due to Theorem 8.44, Go(A) = Ga(A) and G4(A) is a noethering. Apply Corollary 8.47 to the
complete ring A and take M = A with the filtration (a"),>0. Note that this filtration induces a Hausdorff
topology since @ is contained in the Jacobson radical of A. This completes the proof. |

—

Theorem 8.49. Let (A, m, k) be a noetherian local ring and M, N be finitely generated A-modules. Let (-)
denote the m-adic completion. If M = N, then M = N.

Proof. |
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Chapter 9

Dimension Theory

9.1 Hilbert Polynomial

Throughout this section, let A = @), A, be a noetherian graded ring and A a Z-valued additive function
on the category of A-modules.

Definition 9.1 (Euler-Poincaré Series). Associate with each A-module M, the Euler-Poincaré series,

PA(M,t) = ¥ A(M)F' € ZH].
n=0

We often write P(M, t) for Py (M, t) when the additive function is clear.

Theorem 9.2 (Hilbert-Serre). P(M, t) is a rational function in t of the form

P(M,t) = n_ljzgt)_ )

where f(t) € Z[t].

Proof. Suppose A is generated over Ay by s homomgeneous elements, x1, ..., x;. We shall induct on s. Let
ks denote the degree of x;. Then, for all # > 0, we have an exact sequence

0— Ky — My = My — Lyyr, — 0.

Thus,
)\(KH) - A(Mn) + )\(Mn-&-ks) - A(Ln+ks)'
Multiplying by #***s and adding, we obtain

[e0]

0= tks Z A(Kn)tn - tks Z /\(Mn)tn + Z /\(1\/In+k5)tn_'_kS - Z A(Ln+k5)tn+ks
n=0 n=0 n=0 n=0

= t5P(Ky, t) — t5P(M,t) + P(M, t) — P(L,t) + g(t)

where g(t) € Z|[t]. Note that K = @;_ (K, and L = @ L, is a graded A’ = Ag[xy, ..., xs_1]. Invoking
the induction hypothesis, we are done. |
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Proposition 9.3. Let (A, m) be a noetherian local ring with q an wm-primary ideal, M a finitely generated A-
module and (M, ),>0 a q-stable filtration. Then,

(a) M/ M, is of finite length for every n > 0.

(b) for all sufficiently large n, this length is a polynomial g(n) of degree < s where s is the least number of
generators of .

(c) the degree and leading coefficient of ¢(n) is independent of the chosen filtration.

Proof.  (a) Note that M;/M;, is naturally an A/g-module, which has finite length, since A/q is Artin
local. Using the additivity of length, we have

™=

H(M/My) =) (Mi1/M;),

1

which is finite.
(b)

(c) Let (M,),>0 be another g-stable filtration of M. Then, these two are equivalent filtrations, that is,
there is ny > 0 such that M, ,, € M, and M4,, € M, for all n > 0. Thus, g(n + ng) > g(n) and
g(n+np) > g(n). Consequently, lim, . g(1)/g(n) = 1. This completes the proof.

Definition 9.4 (Hilbert-Samuel Polynomial). With the notation of Proposition 9.3, the polynomial

g(n) corresponding to the filtration (¢"),,>0 is denoted by x(n) and is called the Hilbert-Samuel poly-
nomial. For sufficiently large n, we have

Xg (n) = 1(M/q"M).

If M = A, we write xq(n) for Xé(n) and call it the characteristic polynomial of the m-primary ideal g.

Corollary 9.5. Let (A, m) be a noetherian local ring and q an m-primary ideal in A. Then, the length

I(A/q") is a polynomial x4 (1) of degree < s for sufficiently large 1, where s is the least number of
generators of .

Proposition 9.6. Let (A, m) be a noetherian local ring and q an m-primary ideal in A. Then,
deg xq(n) = deg xm(n).

Proof. There is a positive integer » > 0 such that m" C q C m. Then, for sufficiently large n, we have
<

Xm(n) < Xq(”) Xm (rn).

Since the xm and x4 are polynomials for sufficiently large 7, it must be th case that deg xm = deg x4. This
completes the proof. [ |
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Definition 9.7. With the notation of Proposition 9.6, let d(A) denote the degree of xm.

9.2 Noetherian Local Rings

Throughout this section, let (A, m) be a noetherian local ring with maximal ideal m. Denote by 5(A),

the least number of generators of an m-primary ideal of A. From the last section, we already know that
O0(A) > d(A).

Lemma 9.8. Let M be a finitely-generated A-module, x € A not a zero-divisor in M, and M' = M /xM. Then,
M M
degxqy <xq — 1

Proof. Let N = xM, and N, = NN g"M. Then, due to Lemma 8.16, (Ny,),,>0 is a g-stable filtration of N.
[ ]

Corollary 9.9. If x is not a zero-divisor in A, then d(A/(x)) < d(A) — 1.

Proposition 9.10. d(A) > dim A.

Proof. We shall induct on d(A). If d(A) = 0, then [(A/m") is eventually constant. Therefore, m" = m"*!
for sufficiently large n, whence m = 0, i.e. A is artinian and dim A = 0.

Suppose now thatd = 0 and let pg C p1 C - - - C p, be any chain of prime ideals in A. If r = 0, then there
is nothing more to prove. If r > 0, then let x € p1\po and let A’ = A/pp with x’ denoting the image of x in
Al

Let m’ denote the image of m under the surjection A — A’. Then, (A’, m’) is a local ring with an induced
surjection A/m" — A’/m" through the following commutative diagram.

A A’ Al /mm
w
A/m"

Consequently, [(A/m") > [(A’/m'"). Therefore, d(A) > d(A’), due to the standard polynomial argument.
Now, d(A’/(x")) < d(A’) —1 < d(A) — 1 and hence, the induction hypothesis applies to A’/(x’), that
is, d(A’/(x")) > dim A’/ (x"). Note that the image of the strictly ascending chain p; C --- C p, in A’/ (x')
is a strictly ascending chain of prime ideals of length » — 1 whence
r—1<dimA'/(x") <d(A'/(x)) <d(A) -1 = r <d(A)

which completes the proof. ]

Corollary 9.11. If A is a noetherian local ring, then dim A is finite.
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Corollary 9.12. A prime ideal in a noethering has finte height. Therefore, the set of primes in a noether-
ing satisfies the descending chain condition.

Proposition 9.13. Let dim A = d. Then, there exists an m-primary ideal in A generated by d elements.
Therefore, dim A > 5(A).

Proof. We shall inductively construct a sequence x1, ..., x; of elements in A such that the ideal (x1,...,x;)
has height at least i. First, if d = 0, then A is an artinian local ring and the conclusion follows since m is
nilpotent.

Suppose now that d > 1. There are finitely many minimal primes in A. Pick an x; that lies in m but
not in any of the minimal primes. It follows from the choice of x; that any prime ideal containing x; must
have height at least 1. Let the sequence xj, ..., x; have been constructed. Thus, any prime ideal containing
(x1,...,%;) has height at least i. Let {p1,...,p,} be the set of height i prime ideals containing (x1, ..., x;).
Note that these would be minimal over x1, ..., x; and hence, are finitely many. Usig prime avoidance, pick
an xj11 € m\Uj_; p,. It is not hard to argue that any prime containing (x1,..., x;11) must have height at
least i + 1.

Finally, let a = (x1,...,x4). Then, any prime containing a must have height at least d and hence, must
be maximal. As a result, there is a unique minimal prime belonging to a, namely m, whence a is m-primary.
This completes the proof. |

Putting everything together, we have the following theorem:

Theorem 9.14 (Dimension Theorem). For any notherian local ring A, the following integers are equal:
(a) dim A.
(b) the degree of the characteristic polynomial X .

(c) the least number of generators of an m-primary ideal of A.

Corollary 9.15. dim A < dimy(m/ m?) where k = A/m is the residue field.

Proof. There are x1,...,x; € m generating it such that their images in m/m? form a k-basis. Thus,

dim A = §(A) < s = dimy(m/m?). |

Corollary 9.16 (Krull’s Hauptidealsatz). Let A be a noethering and p < A a prime ideal. Then, the
following are equivalent:

(@) ht(p) < n.

(b) There is an ideal a I A, generated by n elements, such that p is a minimal prime belonging to a.
Proof. <= Leta = (x1,...,x,). In Ay, the ideal aAj, is pA,-primary, since its radical is pAy, which is a
maximal ideal.

= Wehave dim A, < n and thus, there is a pAy-primary ideal b of A, generated by 1 elements. Let a
denote the contraction of b in A. Then, a is generated by 7 elements and is contained in p. Moreover, p must

be the minimal prime containing a due to the order preserving bijection between the primes contained in p
and Spec(Ay). This completes the proof. [ ]

As an application, we have the following attractive result, taken from Hartshorne’s Algebraic Geometry.
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Proposition 9.17. Let A be a noetherian domain. Then, A is a UFD if and only if every height 1 prime in A is
principal.

Proof. The forward direction is trivial and does not require the noetherian hypothesis. Conversely, note
that every noetherian domain is a factorization domain and hence, it suffices to show that all irreducibles
in A are prime. Let f € A be an irreducible and p € Spec(A) be a minimal prime containing f. Due to
Corollary 9.16, ht(p) < 1 and hence, is equal to 1, whence, is principal, say p = (x). Then, f = xy for some
y € A. Since f is irreducible, we must have (f) = p, consequently, f is prime. This completes the proof. W

9.3 Dimension Theory of Polynomial Algebras

This section has been taken from [ ].

Lemma 9.18. Let B = A[x], p C A a prime ideal and q C g’ two prime ideals in B lying over A such that
qC q'. Then, q = pB.

Proof. Note that B/pB = (A/p)[x], and both the primes q and q’ must contain pB. Therefore, upon quoti-
enting out by pB, we have reduced to the case of A being an integral domain and p = (0).

Now, localize at S = A\{0} to reduce to the case of A being a field and p = (0). Note that' NS = @
therefore, they extend to prime ideals in S™'B = (S~ A)[x]. But this is obvious, since any non-zero prime
ideal in A[x] is maximal, owing to it being a PID. This completes the proof. |

Theorem 9.19. If B = A[x], then

dimA+1<dimB<2dimA+1.

Lemma 9.20. Let B = A[x] and a < A. Let p < A be a minimal prime ideal containing a. Then, pB is a minimal
prime ideal containing aB in B.

Proof. Suppose pB were not minimal among the primes containing aB. Then, there is some prime q with
aB C q € pB. Note that N A is a prime ideal in A containing a and is contained in p, therefore, N A = p.
Consequently, due to Lemma 9.18, q = pB, a contradiction. [ ]

Proposition 9.21. Let A be a noethering and p < A a prime ideal. If B = A[x], then ht(p) = ht(pB).

Proof. Letn = ht(p). Then, there is a strictly ascending chain py C p1 € - - - C p, of prime ideals in A. Then,
poB C p1B C --- C p,Bis a strictly ascending chain of prime ideals in B. Hence, ht(pB) > n.

Conversely, there is an ideal a generated by n elements, contained in p such that p is minimal among
the primes containing a. Then, aB C pB, aB is generated by n elements and due to Lemma 9.20 and
Corollary 9.16, ht(pB) < n. ]

Theorem 9.22. Let A be a noethering. Then,

dim(A[xy,...,x,]) =dim A + n.
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Proof. Tt suffices to prove the theorem for n = 1. Let B = A[x]. We know that dim(B) > dim A + 1. We
shall show that dim(B) < dim A + 1. Letqp € --- C g, be a strictly ascending chain of prime ideals in B.
Define p; = q; N A for 0 < i < r. If all the p;’s are distinct, then » < dim A.

Suppose now that the p;’s are not distinct. Let j be the maximum index such that p; = p;;1. Then,
q; = p;B. Due to Proposition 9.21, ht(p;) = ht(p;B) = ht(q;). Now, note thatp;, 1 < - - C p,. Hence,

dimA>r—(j+1)+ht(p;)) =r—(j+1) +ht(q;)) >r—1 = r <dimA+ 1.

This completes the proof. n

Corollary 9.23. Let k be a field. Then, dim(k[xy, ..., x,]) = n.

9.4 Dimension of a Variety

9.5 Dimension Theory of Affine k-Algebras

Theorem 9.24. Let A be an affine k-domain. Then, dim(A) = trdeg, (Q(A)).

Proof. Follows from the Going Up Theorem and Noether’s Normalization Lemma. |

Theorem 9.25. Let A be an affine k-domain and p € Spec(A). Then,

dim(A) = dim(A/p) +ht(p)

Proof. Using Noether’s Normalization Lemma, there is a polynomial algebra B = k[y1,...,ys] C A such
that A/B is an integral extension. Hence, dim(A) = dim(B). Let ¢ = p N B. Due to the Going Down
Theorem, ht(q) = ht(p). Further, A/p is integral over B/q whence it suffices to prove the theorem for
polynoimal algebras A = k[xy, ..., x,]. We shall do so by induction on ht(p).

Claim. If p C A = k[yy,...,Yx] is a height 1 prime, then dim(A/p) = dim(A) — 1.

Let a € p be anon-zero element. This admits a unique factorization in terms of irreduciblesa = f; - - - f;.
Hence, there is an f; € p. Since (f;) is a non-zero prime ideal, we must have p = (f;). Since f; is non-zero, it
contains at least one monomial. Suppose, without loss of generality that i, occurs in this monomial.

d .
fiyi - oyn) = Y &1 Yn1)Yh
=0

where g; € k[y1, ..., Y,—1] with at least one of the g;’s being non-zero.

Note thaty,,...,y,_; € A/p are algebraically independent. This is easy to see by examining the degree
of y,. But, we also see that i/, € Q(A/p) is algebraic over k[y,,...,V,_;] and hence, trdeg, (Q(A/p)) =
n —1, whence, dim(A/p) =n—1=dim(A) - 1.0

From the Claim, we see that the theorem is true for all height 1 primes. We shall now induct on ht(p).
Let r = ht(p). Then, there is a chain (0) C p; C -+ C pr = p. Set B = A/p1. Then, dim(B) = dim(A) — 1
and ht(p/p1) = r — 1 and the induction hypothesis applies to obtain

dim(A) — 1 = dim(B) = dim(A/p) + ht(p/p1) = dim(A/p) + ht(p) — 1.

This completes the proof. n
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Proposition 9.26. Let A be an affine k-domain with dim A = d. Then, every saturated, maximal chain (0) =
po S p1 -+ C py has length d.

Proof. We shall prove this by induction on d. The base case with d = 0 is trivial. Now, let B = A/p;. Then,
dimB =d—1and (0) = p; € --- C p, is a saturated, maximal chain and hence, has length d — 1. The

=

conclusion follows. [ ]

Theorem 9.27. Let A be an affine k-algebra. Then, given any two prime ideals p C q in A, every saturated
chain of prime ideals from p to q has the same length.

Proof. Letp =po C - - C pr = q be a saturated chain. There are surjections
Alp=A/po > A/p1 — ... > A/p, = A/q.

And, dim(A/p;y1) = dim(A/p;) — 1. Consequently, dim(A/q) = dim(A/p) — r. This means
r=dim(A/p) — dim(A/q) = ht(q) — ht(p).

This completes the proof. n

Corollary 9.28. Let A be an affine k-domain with dim A = d. Then, ht(m) = d for every maximal ideal
mC A.

9.6 Dimension Theory of Power Series Algebras

Lemma 9.29. A maximal ideal in A[x] is of the form (m, x) where m is a maximal ideal in A.

Proof. [ ]

Theorem 9.30. Let A be a noethering. Then, dim Ax] = dim A + 1.

Proof. Letpy C - - C p, be a chain of primes in A. Then,

pollx] © -+ S pulx] € pufx] + (x)

is a chain of prime ideals in A[x]. Hence, dim A[x] > dim A 4 1.

Conversely, let M be a maximal ideal in A[x]. Then, 9 = (m, x) where m is a maximal ideal in A. Let
n = htm, then there are elements a4, ...,a, € A such that mis minimal over (aj,...,a,). Consequently, m +
(x) is minimal over (a1, ...,a,, %) in Afx]. Hence, ht9 < n 4+ 1 < dim A + 1. The conclusion follows. W

Remark 9.6.1. The above result also follows from the fact that completions preserve dimension but that requires a
significant amount of machinery.

106



Bibliography

[AM69] Michael Atiyah and Ian MacDonald. Introduction to Commutative Algebra. CRC Press, 1969.
[Gop84] N.S. Gopalakrishnan. Commutative Algebra. Oxonian Press, 1984.

[Lan02] Serge Lang. Algebra. Springer Science & Business Media, 2002.

[Mil20] ]J.S. Milne. Algebraic Number Theory. 2020.

[Ser12] Jean-Pierre Serre. Local Algebra. Springer Science & Business Media, 2012.

107



	Rings and Ideals
	Nilradical and Jacobson radical
	Local Rings
	Operations on Ideals
	Radical Ideals

	Extension and Contraction of Ideals
	The Zariski Topology
	On the Topological Properties

	Polynomial Rings

	Modules
	Introduction
	Free Modules
	Over a PID

	Finitely Generated Modules
	 Modules and Functors
	Exact Sequences
	Diagram Chasing Poster Children

	Tensor Product
	Properties of Tensor Product
	Restriction and Extension of Scalars

	Right Exactness
	Flat Modules
	Projective Modules
	Injective Modules
	Essential Extensions and Injective Hull
	Algebras
	Tensor Product of Algebras

	Structure Theorem for Modules over a PID
	The Jordan Canonical Form

	Finitely Presented Modules

	Localization
	Rings of Fractions
	Universal Property

	Modules of Fractions
	Local Properties
	Extension and Contraction of Ideals
	Support of a Module

	Primary Decomposition
	Primary Decomposition of Ideals
	Associated Primes of Modules
	Primary Decomposition of Modules

	Integral Extensions
	The Cohen-Seidenberg Theorems
	Going Up Theorem
	Going Down Theorem
	Another Proof of the Going Down Theorem

	Field Theory Arguments
	Noether's Normalization Lemma
	Stronger NNL
	Various Forms of the Nullstellensatz

	Jacobson Rings

	Noetherian and Artinian Rings and Modules
	Chain Conditions
	Length of Modules
	Noetherian Rings
	Primary Decomposition
	Nagata's Monster
	Eakin-Nagata Theorem

	Artinian Rings

	DVRs and Dedekind Domains
	General Valuations and Valuation Rings
	Discrete Valuation Rings
	Dedekind Domains
	Fractional Ideals
	Dedekind Domains and Extensions
	Primes in Extensions


	Completions
	Filtrations of Rings and Modules
	Completion
	a-adic filtration
	Associated Graded Stuff


	Dimension Theory
	Hilbert Polynomial
	Noetherian Local Rings
	Dimension Theory of Polynomial Algebras
	Dimension of a Variety
	Dimension Theory of Affine k-Algebras
	Dimension Theory of Power Series Algebras


